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Unconstrained Submodular Maximization in Dynamic Setting
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Abstract

The unconstrained submodular maximization
(USM) problem is one of the most fundamen-
tal and challenging versions of submodular max-
imization problems, where the aim is to find
the subset S maximizing f(S) for a given non-
monotone submodular function f . Buchbinder,
Feldman, Naor, and Schwartz, in their FOCS
Test of Time Award-winning paper, introduced
a randomized linear-time algorithm for uncon-
strained submodular maximization (in offline set-
ting), achieving a tight approximation factor of
0.5, outperforming all prior algorithms for this
problem. Despite the significance of this break-
through, their algorithm heavily relies on having
access to the entire input, which is why it has not
yet been extended to fundamental large-scale com-
putational models such as streaming and dynamic
settings, unlike other variants of submodular max-
imization problem, which have been extensively
studied in such models. While straightforward
extensions of previously known algorithms for
the offline USM problem can achieve a 0.5 ap-
proximation with linear update time or a 0.25
approximation with no update time in dynamic
settings, proposing any dynamic algorithm with
an approximation factor better than 0.25 and a
sublinear update time had remained an open chal-
lenge to this day. In this paper, we present the first
dynamic algorithms for USM that break the 0.25-
approximation barrier while maintaining sublin-
ear update time. Our results apply to several nat-
ural dynamic models, including incremental up-
dates, decremental updates with known deletion
order, and fully dynamic updates with known dele-
tion times.
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1. Introduction
Submodular functions provide a powerful mathematical
framework for capturing the diminishing returns property
that naturally arises in many machine learning and decision-
making problems (Fujishige, 1984; Tohidi et al., 2020). This
property makes submodular optimization particularly well-
suited for core machine learning tasks such as data sum-
marization (Simon et al., 2007; Tschiatschek et al., 2014;
Sipos et al., 2012), feature selection (Khanna et al., 2017;
Das & Kempe, 2008; 2018), and personalized recommen-
dation (El-Arini & Guestrin, 2011). Beyond these applica-
tions, submodular maximization also plays a central role
in information-theoretic objectives (e.g., mutual informa-
tion maximization) (Guestrin et al., 2005), graph-structured
problems (e.g., cut functions) (Banihashem et al., 2023), and
a wide range of optimization tasks across economics, game
theory, and operations research. As a result, designing effi-
cient and scalable algorithms for submodular optimization
directly impacts both theoretical foundations and practical
advances in modern machine learning.

Formally, a nonnegative real-valued function f : 2V → R≥0

defined over subsets of a ground set V is called submodular
if it satisfies f(A) + f(B) ≥ f(A ∪ B) + f(A ∩ B) for
all A,B ⊆ V . Equivalently, f is submodular if it shows the
diminishing returns property: for all A ⊆ B ⊆ V and all
u /∈ B, f(A ∪ {u}) − f(A) ≥ f(B ∪ {u}) − f(B). A
submodular function is said to be monotone if f(A) ≤ f(B)
for all A ⊆ B ⊆ V . When this property does not hold, the
function is referred to as non-monotone. Non-monotone
submodular maximization generalizes the monotone case
and is consequently more challenging. This problem has
been studied extensively in the literature (Buchbinder et al.,
2015a; Balkanski et al., 2018), with applications includ-
ing video summarization, movie recommendation (Mirza-
soleiman et al., 2016), and revenue optimization in viral
marketing campaigns (Hartline et al., 2008).

In this work, we study the problem of Unconstrained (non-
monotone) Submodular Maximization (often abbreviated
as USM), which is one of the most fundamental problems
in submodular optimization. The objective of USM is to
identify the subset of the ground set that maximizes the
submodular function f , or formally, to find the subset S∗ ⊆
V , for which f(S∗) = maxS⊆V f(S).
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Unconstrained Submodular Maximization in Dynamic Setting

In the USM problem, there are no restrictions or constraints
on the subset S∗, such as limitations on its size or spe-
cific structure, allowing any subset of the ground set V to
be a candidate solution. USM has broad applications and
serves as a powerful framework for optimizing submodular
functions in real-world settings. For example, USM cap-
tures many combinatorial optimization problems such as
Max-Cut and Max Directed Cut (Feige & Goemans, 1995;
Goemans & Williamson, 1995; Halperin & Zwick, 2001;
Håstad, 2001; Kindler et al., 2004), Submodular Max-SAT,
Submodular Welfare problems (e.g., resource allocation be-
tween two players), Maximum Facility Location (Ageev &
Sviridenko, 1999; Cornuéjols et al., 1977), and Generalized
Assignment (Chekuri & Khanna, 2005; Cohen et al., 2006;
Feige & Vondrák, 2006).

USM is an NP-hard problem, which has been extensively
studied over the years. However, Feige, Mirrokni, and Von-
drák (Feige et al., 2011)(FOCS’07) were the first to intro-
duce constant-factor approximation algorithms for this prob-
lem. Within the offline query access model, they demon-
strated that selecting a subset S uniformly at random yields
a solution that approximates the optimal value by a factor of
0.25 (or 0.5 if f is symmetric). Additionally, they developed
two local search algorithms to improve over this approxima-
tion. Their first local search algorithm directly uses f and
achieves a 0.33 approximation, while their second algorithm
utilizes a "noisy" variant of f , which further improves the
approximation to 0.4. In their work, Feige, Mirrokni, and
Vondrák also studied the inherent hardness of USM. They
proved that any algorithm that seeks an approximation fac-
tor exceeding 0.5 would require an exponential number of
oracle queries. This hardness result even holds for symmet-
ric submodular functions, where the bound is known to be
tight. The subsequent works of (Oveis Gharan & Vondrák,
2011) (SODA’11) and (Feldman et al., 2011) (ICALP’11)
further improved the approximation factor for USM in the
classic offline setting to 0.41 and 0.42, respectively.

Subsequently, Buchbinder, Feldman, Naor, and Schwartz
(Buchbinder et al., 2015a) (FOCS’12) published a ground-
breaking work in which they proposed a deterministic linear-
time algorithm achieving a 0.33 approximation factor, and a
randomized linear-time algorithm with a 0.5-approximation
for the offline USM, the latter of which matched the known
lower bound established by (Feige et al., 2011). Their re-
sult fully addressed the approximability of the offline USM
problem by polynomial time algorithms. Later, Buchbinder
and Feldman (Buchbinder & Feldman, 2015) (SODA’16)
showed that a 0.5 approximation ratio for the offline USM
can also be achieved by a deterministic algorithm that makes
O(n2) oracle queries. Finally, (Li et al., 2020) (NeurIPS’20)
proved that achieving an approximation ratio of 0.25+ ϵ for
the USM problem requires Ω( n

logn ) oracle queries.

Despite all the progress made for the USM problem in the of-
fline setting, extending USM to other computational models
for large data while preserving efficiency and quality re-
mains an open challenge. Different variants of submodular
maximization with additional constraints (such as limits on
subset size or structure) have been explored in many large-
scale computational models such as streaming (Alaluf et al.,
2020; Feldman et al., 2020), dynamic (Lattanzi et al., 2020;
Banihashem et al., 2024), distributed, online settings. Nev-
ertheless, to date (Buchbinder et al., 2015b) is the only work
that studies USM in such a model beyond the classic offline
setting. In their work, Buchbinder, Feldman, and Schwartz
consider the online setting. They show that no algorithm
can achieve a competitive ratio better than 0.25 without pre-
emption and propose a polynomial time algorithm with a
0.367 approximation ratio for the online version of USM
with preemption, where discarding elements is irrevocable
while the selected elements can be discarded at later stages.

1.1. Our contribution

In this paper, we initiate the study of the Unconstrained
Submodular Maximization Problem in dynamic settings,
where the ground set is subject to updates in the form of
insertions or deletions. These updates continuously change
the optimal and valid solutions, and we seek to maintain a
competitive solution while ensuring fast update times. In
this work, we present the first generalizations of the offline
algorithm proposed in (Buchbinder et al., 2015a) to dynamic
algorithms, which address USM, achieve approximation
ratios better than 0.25, and use sublinear update time.

To highlight the significance and challenges of obtaining
these results, we note that, unlike prior dynamic submodu-
lar maximization algorithms, which drew inspiration from
their streaming counterparts and employed relatively sim-
ilar mechanisms to adapt to dynamic settings, there is no
streaming algorithm for the USM problem. As a result, our
algorithms rely on entirely different techniques than their
predecessors. Indeed, even for offline USM, the query com-
plexity of algorithms that surpass the 0.25 approximation
ratio is very high. The hardness result of (Li et al., 2020)
establishes a lower bound of Ω( n

logn ) on the query com-
plexity required to exceed this approximation ratio. The
lowest query complexity among such algorithms belongs to
the linear-time algorithms presented in (Buchbinder et al.,
2015a), which rely heavily on full access to the entire ground
set, making them difficult to adapt beyond the offline model.

We first establish our result for a dynamic incremental model,
where given an adversarially ordered stream of elements
from the underlying ground set V , we show that we can
maintain a 0.3-approximate solution for USM with O(

√
n)

amortized query time. This improves upon the guarantees
of the following two trivial algorithms:
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Unconstrained Submodular Maximization in Dynamic Setting

1) Random sampling: As mentioned above, Feige, Mir-
rokni, and Vondrák (Feige et al., 2011) showed that se-
lecting a subset of elements uniformly at random yields a
0.25-approximation algorithm for USM. By maintaining
a random sample of the elements seen so far, we obtain a
dynamic algorithm in the dynamic incremental model that
provides a 0.25-approximation to the optimal solution at
any time, with O(1) oracle calls per update.

2) Rerunning the greedy algorithm: The offline algo-
rithm proposed in (Buchbinder et al., 2015a) is a greedy
algorithm that runs in time O(n), where n = |V|, and re-
turns a 0.5-approximate solution to USM. In the dynamic
incremental model, we can rerun this algorithm after the
arrival of every element, resulting in a trivial algorithm that
requires O(n) oracle calls per update.

Overview of algorithm. Our algorithm is based on a
novel partitioning scheme that balances the trade-off be-
tween the approximation factor and update time for USM
in the dynamic incremental model. Indeed, we maintain
two sets during element insertion: permanent storage N1

and a buffer N2. Upon arrival of a new element e, we first
add e to the set N2. We also maintain a sample set S1 of
N1, where each element in N1 has a probability of 1

2 of
being in S1. Next, we apply an extended version of the
offline algorithm proposed in (Buchbinder et al., 2015a) to
expand the sample set S1 using elements of N2. This yields
a solution set, denoted as Sol2. We repeat this process as
long as |N2| remains below a threshold of

√
n. Observe that

this approach requires one oracle call for S1 and at most√
n oracle calls to expand S1 with elements from N2.

When |N2| reaches the threshold
√
n, we transfer its con-

tents to N1, apply the offline algorithm from (Buchbinder
et al., 2015a) to N1 to update the solution set Sol1, and re-
sample S1. Since we invoke the linear-time algorithm (Buch-
binder et al., 2015a) after every

√
n insertions, the O(n)

oracle calls required by this operation are amortized.

At any point, our reported solution is the maximum of the
two maintained sets, Sol1 and Sol2. The essence of our
analysis lies in the fact that each time we recomputeN1, we
obtain a 0.5-approximate solution Sol1 for all elements seen
so far. As long as Sol1 achieves at least a 0.3-approximation
of the optimal value for N1 ∪ N2, Sol1 continues to rep-
resent a high-quality solution. However, if at some point
f(Sol1) falls below 0.3 of the optimal value for N1 ∪ N2,
we can show that expanding the random sample set S1 with
elements from N2 yields a solution Sol2 with a submodu-
lar value exceeding 0.3 of the optimal value for N1 ∪ N2.
Specifically, this outcome arises because f(S1) provides
a 0.25-approximation of the optimal submodular value for
N1, and the contribution of N2 to Sol2 boosts its value to a
0.3-approximation of the optimal value for N1 ∪N2.

Next, we show that our partitioning scheme extends effec-
tively to two additional dynamic settings. For both models,
we can sustain a 0.3-approximate solution for USM with
an amortized cost of O(

√
n) oracle calls. Below, we briefly

outline these two models; a more detailed explanation and
analysis are provided in Appendix B.

Decremental setting with known-order deletions. In
this setting, we assume that the initial elements provided
to the algorithm are sorted according to their deletion or-
der. Specifically, the algorithm receives an initial list of
elements [e1, e2, . . . , en], and after t deletions, it must re-
turn an approximate solution to the problem of finding
OPTt = argmaxA⊆Vt f(A), where Vt := {et+1, . . . , en}.
Many problems have been studied in the decremental set-
ting, including single-source shortest paths on undirected
graphs (Henzinger et al., 2018), single-source reachability
on directed graphs (Henzinger et al., 2015), matching (As-
sadi et al., 2022), approximate min-cost flow (Bernstein
et al., 2021), and strongly-connected components (Bern-
stein et al., 2019), to name a few.

Fully dynamic setting with deletion times. In this set-
ting, we assume that a stream S of insertion and deletion
updates to the problem, determined by an adversary and the
deletion time of each element is revealed to the algorithm
at the time of its insertion. This model was first proposed
in (Mitzenmacher & Vassilvitskii, 2022) and subsequently
was studied for other problems, including online matrix
vector (Henzinger et al., 2024), transitive closure, triangle
detection, single-source reachability (van den Brand et al.,
2024), and planar digraph all pairs shortest paths, k-edge
connectivity, DFS tree (Liu & Srinivas, 2024), submodular
maximization under cardinality constraint (Liu & Srinivas,
2024; Agarwal & Balkanski, 2023).

1.2. Related Work

The offline setting of non-monotone submodular maximiza-
tion has been discussed in detail in the introduction, includ-
ing the foundational approximation algorithms and match-
ing hardness results. Next, we give an overview of re-
lated work on (non-monotone) submodular maximization in
streaming and dynamic models.

Streaming algorithms. We first review prior results
on streaming algorithms for submodular maximization.
For monotone submodular maximization, Badanidiyuru et
al. (Badanidiyuru et al., 2014) introduced an insertion-only
streaming algorithm achieving a (0.5 − ϵ)-approximation
under a cardinality constraint k. Chekuri, Gupta, and Quan-
rud (Chekuri et al., 2015) extended the streaming framework
to both monotone and non-monotone submodular functions
subject to p-matchoid constraints.
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Unconstrained Submodular Maximization in Dynamic Setting

Subsequent work by Mirzasoleiman et al. (Mirzasoleiman
et al., 2018) and Feldman et al. (Feldman et al., 2018) de-
veloped improved streaming algorithms for non-monotone
submodular maximization under p-matchoid constraints.

For the cardinality-constrained non-monotone setting, the
current state of the art is due to Alaluf et al. (Alaluf et al.,
2020), who achieved a (0.277 + ϵ)-approximation, improv-
ing upon the previous 0.17-approximation of Feldman et
al. (Feldman et al., 2018). We also note that there exist
streaming algorithms for monotone submodular maximiza-
tion that support deletions (Kazemi et al., 2018; Mirza-
soleiman et al., 2017). However, in these dynamic settings,
the space and update time typically scale with the number of
deletions, which in the worst case can be as large as Ω(n),
where n denotes the size of the ground set.

Dynamic algorithms. In the dynamic setting, monotone
submodular maximization with a cardinality constraint k
was first investigated by Lattanzi et al. (Lattanzi et al., 2020)
and Monemizadeh (Monemizadeh, 2020) at NeurIPS’20.
Both approaches developed dynamic algorithms that main-
tain (0.5 − ϵ)-approximate solutions with efficient query
times. Specifically, the algorithm from Lattanzi et al. (Lat-
tanzi et al., 2020) has an expected amortized query com-
plexity of O(ϵ−11 log6(k) log2(n)), while Monemizadeh’s
algorithm (Monemizadeh, 2020) achieves an amortized ex-
pected query complexity of O(ϵ−3k2 log5(n)). Chen and
Peng (Chen & Peng, 2022) later proved that developing
a c-approximation dynamic algorithm for c > 0.5 would
require a polynomial number of oracle queries.

More recently, Duetting et al. (Duetting et al., 2023) exam-
ined monotone submodular maximization under a matroid
constraint in the dynamic setting, proposing a (0.25 − ϵ)-
approximation algorithm with an amortized expected query
complexity of O(k

2

ϵ log(k) log2(n) log3(kϵ )). Simultane-
ously, Banihashem et al. (Banihashem et al., 2024) achieved
similar approximation guarantees with improved query com-
plexities, specifically providing a worst-case expected query
complexity of O(k log(k) log3(kϵ )). They also improved
the query complexity of Monemizadeh’s dynamic algorithm
for cardinality constraints to an expected O(kϵ−1 log2(k)).

For non-monotone submodular maximization in dynamic
settings, Banihashem et al. (Banihashem et al., 2023) pro-
posed a dynamic algorithm that maintains a (0.125 − ϵ)-
approximate solution under cardinality constraints with ex-
pected amortized query complexity O(ϵ−2k2 log3(k)).

1.3. Preliminaries

Definition 1 (Submodular function). Let V be a ground set
consisting of elements. We define a function f : 2V → R≥0

as submodular if it satisfies the following inequality for any
subsets A,B ⊆ V: f(A)+ f(B) ≥ f(A∪B)+ f(A∩B).

This condition implies that adding an element to a smaller
subset provides at least as much marginal gain as adding
it to a larger subset. Equivalently, for any subsets A ⊆
B ⊆ V and an element e ∈ V \B, submodularity requires:
f(A ∪ {e})− f(A) ≥ f(B ∪ {e})− f(B). We define the
marginal gain of adding element e to set A as: ∆(e | A) :=
f(A ∪ {e})− f(A). Similarly, for any sets A,B ⊆ V , we
define: ∆(B | A) := f(A ∪ B) − f(A). A function f is
called monotone if f(A) ≤ f(B) for any A ⊆ B ⊆ V . In
contrast, a function is non-monotone if this property does
not necessarily hold.

Definition 2 (Unconstrained (non-monotone) submodular
maximization (USM)). In USM, the goal is to identify a
subset S∗ ⊆ V that maximizes the submodular function f ,
or formally, to find f(S∗) = maxS⊆V f(S).

Query model. For dynamic analysis, as explored in recent
works (Lattanzi et al., 2020; Monemizadeh, 2020; Chen &
Peng, 2022; Duetting et al., 2023), we assume access to
f through an oracle. This oracle provides the ability to
perform set queries, where for any subset A ⊆ V , one can
retrieve the value f(A). The marginal gain ∆f (e | A)

.
=

f(A ∪ {e})− f(A) can be computed using two set queries:
first querying f(A ∪ {e}), and then querying f(A).

Consider a sequence of operations, S, consisting of inser-
tions and deletions applied to the input of our problem. We
assume f : 2V → R≥0 is a (potentially non-monotone)
submodular function defined on subsets of V . The time t
corresponds to the tth update (either an insertion or deletion)
in the sequence. Let St denote the subsequence of updates
from the beginning of S up to time t, and let Vt ⊆ V rep-
resent the set of elements that have been inserted but not
deleted up to time t. Thus, Vt constitutes the current ground
set of elements. We denote the optimal value at time t by
OPTt = maxS⊆Vt:|S|≤k f(S).

Definition 3 (Query complexity). The query complexity of
a dynamic α-approximate algorithm refers to the number
of oracle queries required by the algorithm to compute a
solution St with respect to the ground set Vt, such that
f(St) ≥ α ·OPTt.

It is important to note that dynamic algorithms maintain
a record of all previous queries, which can potentially be
utilized to find St at the current time t. The dynamic algo-
rithms that we develop operate under the oblivious adversar-
ial model, a common framework for analyzing randomized
data structures like universal hashing (Carter & Wegman,
1977). In this model, the adversary is aware of the sub-
modular function f and the algorithm being used, allowing
it to determine the sequence of insertions and deletions.
However, the adversary cannot adapt its strategy based on
the algorithm’s random choices and thus cannot change the
updates dynamically in response to these choices.

4

Confidential reviewer copy. This manuscript is under double-blind review by ICML 2026. Unauthorized sharing, redistribution, or disclosure is

strictly prohibited.



220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271
272
273
274
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2. The Dynamic Unconstrained Algorithm
In this section, we will introduce the first dynamic algorithm
for the unconstrained submodular maximization problem,
marking a significant advancement in the field as the first
algorithm to address this problem in a setting beyond the
classic offline framework. However, before delving into the
original algorithm, we will briefly discuss a subroutine that
we have repeatedly utilized in implementing our subsequent
algorithms.

2.1. Generalized Offline Unconstrained Submodular
Maximization

In their groundbreaking study, Buchbinder, Feldman, Naor,
and Schwartz (Buchbinder et al., 2012) introduced a tight
randomized algorithm for the Unconstrained Submodular
Maximization (USM) problem in the offline setting, which
they referred to as RANDOMIZEDUSM. This algorithm
produces a solution whose submodular value achieves a 1/2
approximation of the optimal solution and has an execution
time that is linear in the size of its input.

Before moving on to our main algorithms, we present the
procedure EXTEND as our first building block, which is a
slightly modified version of the RANDOMIZEDUSM algo-
rithm. By using a proof that closely follows that of RAN-
DOMIZEDUSM, it can be shown that EXTEND solves a
generalized form of the offline unconstrained submodular
maximization problem. This generalized version of the al-
gorithm will later serve as a subroutine in developing our
dynamic algorithms throughout the paper.

Algorithm 1 Generalized USM

1: function EXTEND(S,N )
2: X0 ← S, Y0 ← S ∪N
3: for i = 1 to | N | do
4: ai ← f(Xi−1 ∪ {si})− f(Xi−1)
5: bi ← f(Yi−1 \ {si})− f(Yi−1)
6: a′i ← max(ai, 0), b′i ← max(bi, 0)
7: with probability a′i/(a

′
i + b′i) do

8: Xi ← Xi−1 ∪ {si}, Yi ← Yi−1

9: else do
10: Xi ← Xi−1, Yi ← Yi−1 \ {si}
11: return X| N | (or equivalently Y| N |)

Below, we formally introduce the Generalized Uncon-
strained Submodular Maximization problem, solved by the
procedure Extend presented in Algorithm 1.
Definition 4 (Optimal Extension). Let f be a non-negative
submodular function defined over a ground set V . For any
pair (S,N ) of disjoint subsets of V (i.e., S ∩ N = ∅), we
define the optimal extension of S with respect to N as

OPT(S,N ) = arg max
S⊆A⊆S∪N

f(A),

and refer to the optimal extension problem as the task of
finding a set A that is a superset of S, contained within
S ∪N , which maximizes f(A).

Lemma 5. Given the input sets S and N , Algorithm 1
makes O(| N |) query calls and returns the set X| N |, for
which the following inequality holds:

f(OPT(S,N ))+
1

2
f(S)+

1

2
f(S∪N ) ≤ 2E

[
f(X| N |)

]
.

Proof. The proof is exactly similar to the proof of RAN-
DOMIZEDUSM (Buchbinder et al., 2012). Alternatively, it
can be derived directly from their result by considering the
function g(A) := f(S ∪A) and noting that g is also a non-
negative submodular function defined over V ⊇ N .

2.2. Incremental Dynamic Algorithm for USM

We now proceed to present our dynamic algorithm for the
Unconstrained Submodular Maximization Problem (USM)
in the incremental setting.

2.2.1. SETTING

Recall that the incremental dynamic setting refers to a frame-
work where the input of the problem undergoes incremental
changes over time. This means the algorithm receives a
stream of updates in the form of element insertions. The
goal is to efficiently maintain an approximately optimal so-
lution for the updated input set. The performance of such
algorithms is evaluated based on the quality of the solution
they maintain and the computational complexity of the tasks
performed after each update.

Specifically, at each time t, our algorithm receives an ele-
ment et ∈ V . Its objective is to return an approximate solu-
tion to the problem of finding OPTt = argmaxA⊆Vt

f(A),
where Vt is the set of elements inserted up to time t, i.e.,
{e1, . . . , et}. We measure the performance of our algorithm
by the number of queries it makes after each update and the
approximation ratio of the solution it maintains.

Note that for simplicity, we assume that we know the num-
ber of updates in the input stream, i.e., the size of the final in-
put for the USM problem, which we denote by n. However,
we will later indicate that this assumption is not necessary.

2.2.2. ALGORITHM DESCRIPTION

In this algorithm (Algorithm 2), we maintain two sets N1

andN2 to store the inserted elements, two solution sets Sol1
and Sol2, and an additional set S1 to store a random subset
of N1. Initially, all the sets mentioned above are initialized
as empty. We then process each incoming element insertion
as follows:

After an element e gets inserted, we first add this new ele-
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ment to the set N2. Throughout the algorithm, N2 acts as
our buffer, while N1 acts as our permanent storage. After
adding each element to N2, we check the size of the set N2,
and in the case that the size of N2 had reached the buffer
threshold ⌊

√
n ⌋, we transfer its content to N1. Note that

during the execution of our algorithm, the union of these
two sets is always equal to the set of all elements inserted
from the beginning until the current time frame t, denoted
as Vt. Additionally, whenever we modify the set N1, that
is whenever we transfer the elements of the buffer N2 into
it, we also update S1 and Sol1 accordingly, such that the
followings hold:

• The set S1 is always a subset of N1, and it includes
each element e ∈ N1 with a probability of 1

2 .

• The set Sol1 always maintains an approximate for the
optimal solution restricted to the elements of N1.

After modifying N2, and applying any necessary changes
to sets N1, S1, and Sol1, we update Sol2 by invoking the
function EXTEND with the updated pair (S1,N2) as its in-
put. Finally, we conclude this process by returning the best
solution among Sol1 and Sol2.

Algorithm 2 DYNAMICINSERTION

1: function MAIN()
2: N1,N2, S1,Sol1,Sol2 ← ∅
3: for each element e in the stream do
4: yield INSERT(e)

5: function INSERT(e)
6: N2 ← N2 ∪ {e}
7: if | N2 | = ⌊

√
n ⌋ then

8: N1 ← N1 ∪N2,N2 ← ∅
9: Sol1 ← Extend(∅,N1)

10: S1 ← N1(
1
2 )

11: Sol2 ← Extend(S1,N2)
12: return argmax{f(Sol1), f(Sol2)}

2.2.3. ANALYSIS

In this section, we prove the following theorem by establish-
ing the approximation guarantee and query complexity of
Algorithm 2.

Theorem 6. There exists an algorithm for the USM problem
in the incremental dynamic setting described in Section 2.2.1
that achieves a 0.3 approximation with an amortized query
complexity of O(

√
n) per update.

Proof. We prove that Algorithm 2 maintains a 0.3-
approximate solution for the unconstrained submodular
maximization problem in Lemma 7, and we also prove

that its amortized query complexity is O(
√
n) per update in

Lemma 20. This completes the proof.

Lemma 7 (Approximation Guarantee). Consider any fixed
time t. Let Vt denote the set of elements inserted during
the first t updates, and let OPTt be the optimal subset of
Vt. The output of Algorithm 2 after update t, denoted by
Solt, provides a 0.3-approximation of OPTt. Specifically,
we have:

E [ f(Solt) ] = E [ max(f(Sol1), f(Sol2)) ] ≥ 0.3f(OPTt).

Proof. We begin by fixing the time t and will establish a
series of lemmas that culminate in Lemma 19.

At any point during the execution of this algorithm, the
elements of Vt are partitioned between the two sets N1 and
N2. Consequently, we introduce an alternative definition
for OPTt, which we will denote simply as OPT from this
point onward. Additionally, we define the term OPT, which
will be used later in our proof.

Definition 8. Let OPT := argmaxA⊆N1∪N2
f(A), and

define OPT := (N1 ∪N2) \ OPT.

According to Lemma 19, we have:

max (E [ f(Sol1) ],E [ f(Sol2) ]) ≥
3

10
f(OPT),

which implies, by Jensen’s inequality, that
E [ max (f(Sol1), f(Sol2)) ] ≥ 3

10f(OPT). This com-
pletes the proof.

Lemma 9. For a fixed set S1, the following inequality holds:

f(OPT(S1,N2))+
1

2
(f(S1) + f(S1 ∪N2)) ≤ 2E [ f(Sol2) ].

Proof. Recall that after each update, the algorithm executes
the EXTEND function on input sets S1 and N2, storing its
output in Sol2 right before returning its solution.

Also, by Lemma 5, we know that for any input sets S and
N , the function EXTEND ensures the following inequality:

f(OPT(S,N ))+
1

2
f(S)+

1

2
f(S∪N ) ≤ 2E

[
f(X| N |)

]
,

where X| N | denotes its output.

Thus, by applying this result to our specific sets S1 and N2,
we obtain the inequality in the lemma statement.

It’s important to note that in this lemma, we consider a fixed
(determined) value for the set S1; thus, f(OPT(S1,N2)),
f(S1), and f(S1 ∪ N2) are all constants, and E [ f(Sol2) ]
only accounts for the randomness of the function EXTEND,
not the randomness of the set S1.
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Lemma 10. For a fixed set S1, the following inequality
holds: 2E [ f(Sol2) ] ≥ f(S1 ∪ (OPT ∩N2)) +

1
2 (f(S1) +

f(S1 ∪N2))

Proof. Definition 4, defines OPT(S1,N2) or the
optimal extension of S1 with respect to N2 as
argmaxS1⊆A⊆S1∪N2

f(A). This implies that for any
set A with S1 ⊆ A and A ⊆ S1 ∪ N2, we have:
f(OPT(S1,N2)) ≥ f(A). Since S1 ⊆ S1 ∪ (OPT ∩ N2)
and S1 ∪ (OPT ∩ N2) ⊆ S1 ∪ N2, we get:
f(OPT(S1,N2)) ≥ f(S1 ∪ (OPT ∩ N2)). Addi-
tionally, by Lemma 9, we have: 2E [ f(Sol2) ] ≥
f(OPT(S1,N2)) +

1
2 (f(S1) + f(S1 ∪N2)) . Combining

the last two inequalities yields the desired inequality and
completes the proof.

As noted, the earlier lemmas assumed a fixed value for S1,
disregarding the randomness associated with S1. We will
now analyze how this inherent randomness of S1 affects the
quality of our solution. To do so, we leverage Lemma 2.3
from the work of Feige, Mirrokni, and Vondrák (Feige et al.,
2011), which we restate below for convenience.

Lemma 11 (Lemma 2.3 of (Feige et al., 2011)). Let f :
2X → R be submodular, A,B ⊆ X two (not necessarily
disjoint) sets and A(p) and B(q) their independently sam-
pled subsets, where each element of A appears in A(p) with
probability p and each element of B appears in B(q) with
probability q. Then E [ f(A(p) ∪B(q)) ] ≥ (1 − p)(1 −
q)f(∅) + p(1− q)f(A) + (1− p)qf(B) + pqf(A ∪B) .

Corollary 12. We have: 2E [ f(Sol2) ] ≥
E
[
f(N1(

1
2 ) ∪ (OPT ∩N2))

]
+ 1

2E
[
f(N1(

1
2 ))

]
+

1
2E

[
f(N1(

1
2 ) ∪N2)

]
.

Proof. This corollary follows directly from Lemma 10 by
replacing the fixed set S1 with the random subset N1

(
1
2

)
and then taking the expectation over this randomness.

Lemma 13. We have: E
[
f(N1(

1
2 ))

]
≥

1
4

(
f(∅) + f(OPT ∩N1) + f(OPT ∩N1) + f(N1)

)
.

Proof. Firstly note that N1 = (OPT ∩N1) ∪ (OPT ∩N1).
Hence, we have: N1(

1
2 ) = (OPT ∩ N1)(

1
2 ) ∪ (OPT ∩

N1)(
1
2 ). By setting p = q = 1

2 , A = OPT ∩ N1, and
B = OPT ∩N1 in Lemma 11, we obtain:

E
[
f(N1(

1

2
))

]
≥ 1

4
(f(∅) + f(OPT ∩N1)

+ f(OPT ∩N1) + f((OPT ∩N1) ∪ (OPT ∩N1)))

=
1

4

(
f(∅) + f(OPT ∩N1) + f(OPT ∩N1) + f(N1)

)
.

Fact 14. Let f be a non-negative submodular function, and
let C and A be subsets of its ground set. Then, the function
g(A) := f(A ∪ C) is also a non-negative submodular
function.

Lemma 15. E
[
f(N1(

1
2 ) ∪ (OPT ∩N2))

]
is lower-

bounded by

1

4
(f(OPT ∩N2) + f(OPT)

+ f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N1 ∪ OPT)).

Proof. We first apply Lemma 11, with p = q = 1
2 ,

A = OPT ∩ N1, and B = OPT ∩ N1 and function
g(A) := f(A ∪ (OPT ∩N2)), which is also a non-negative
submodular function based on Fact 14. E

[
g(N1(

1
2 ))

]
≥

1
4

(
g(∅) + g(OPT ∩N1) + g(OPT ∩N1) + g(N1)

)
..

This implies that:

E
[
f(N1(

1

2
) ∪ (OPT ∩N2))

]
≥ 1

4
f(∅ ∪ (OPT ∩N2))

+
1

4
f((OPT ∩N1) ∪ (OPT ∩N2))

+
1

4
f((OPT ∩N1) ∪ (OPT ∩N2))

+
1

4
f(N1 ∪ (OPT ∩N2))

=
1

4
(f(OPT ∩N2) + f(OPT)

+ f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N1 ∪ OPT)),

which establishes the lower bound as required.

Lemma 16. We have: E
[
f(N1(

1
2 ) ∪N2)

]
≥

1
4

(
f(N2) + f(OPT ∪N2) + f(OPT ∪N2) + f(N1 ∪N2)

)
Proof. Similar to Lemma 16, we apply Lemma 11 with
p = q = 1/2, A = OPT ∩ N1, and B = OPT ∩ N1, and
function g(A) := f(A ∪ N2), and derive the following
inequality:

E
[
f(N1(

1

2
))

]
≥ 1

4
(f(∅ ∪ N2) + f((OPT ∩N1) ∪N2)

+ f((OPT ∩N1) ∪N2) + f(N1 ∪N2)).

Next, we utilize the facts that: ∅∪N2 = N2, (OPT∩N1)∪
N2 = OPT ∪ N2, and (OPT ∩ N1) ∪ N2 = OPT ∪ N2.
Substituting these into our earlier expression gives us the
desired inequality, thereby completing the proof.

The proof of the following lemma is given in Appendix A
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Lemma 17. The following inequality holds:

2E [ f(Sol2) ] ≥
1

2
f(OPT) +

1

4
f(OPT ∩N2)

+
1

8
f((OPT ∩N1) ∪ (OPT ∩N2)) +

1

8
f(N1 ∪ OPT)

+
1

4
f(∅) + 1

8
f(OPT ∩N1) +

1

8
f(N1)

+
1

4
f(OPT ∪N2) +

1

4
f(N1 ∪N2).

The bound established in Lemma 17 immediately results in
the following Corollary, isolating the components we will
utilize in our final proof.

Corollary 18. The following inequality holds:

2E [ f(Sol2) ] ≥
1

2
f(OPT) +

1

4
f(OPT ∩N2).

Lemma 19. The maximum expected submodular value
of Sol1 and Sol2 provides a 3

10 -approximation of f(OPT).
Specifically,

max (E [ f(Sol1) ],E [ f(Sol2) ]) ≥
3

10
f(OPT).

Proof. Having established a lower bound for the submodu-
lar value of Sol2, we argue that Sol2 provides a good approx-
imation of OPT, unless our buffer N2 does not contribute
to the optimal solution; in that case, the focus should shift
to N1, which we have already addressed. The formal proof
follows.

We proceed by analyzing two complementary cases.

Case 1: f(OPT ∩N1) ≥ 6
10f(OPT).

In this case, we show that E [ f(Sol1) ] ≥ 3
10f(OPT). Re-

call that in Algorithm DYNAMICINSERTION, Sol1 is the out-
put of the subroutine Extend(∅,N1). Applying Lemma 5,
we have:

2E [ f(Sol1) ] ≥ f(OPT(∅,N1)) ≥ f(OPT ∩N1)

≥ 6

10
f(OPT).

This implies: E [ f(Sol1) ] ≥ 3
10f(OPT).

Case 2: f(OPT ∩N1) <
6
10f(OPT).

By the submodularity property of the function f , we have
f(OPT) + f(∅) ≤ f(OPT ∩ N1) + f(OPT ∩ N2) <
6
10f(OPT) + f(OPT ∩N2). Using the non-negativity of f
implies: f(OPT∩N2) >

4
10f(OPT)+ f(∅) ≥ 4

10f(OPT).

Next, by Corollary 18, we have that:

2E [ f(Sol2) ] ≥
1

2
f(OPT) +

1

4
f(OPT ∩N2).

Substituting the lower bound on f(OPT ∩N2) yields:

2E [ f(Sol2) ] >
(
1

2
+

1

4
× 4

10

)
f(OPT),

which simplifies to: E [ f(Sol2) ] > 3
10f(OPT). Thus, in

both cases, we have:

max (E [ f(Sol1) ],E [ f(Sol2) ]) ≥
3

10
f(OPT),

Lemma 20. The amortized time complexity of our algorithm
is O(

√
n).

Proof. As explained in Section 2.2.1, for simplicity, we
assume that the size of our final input (i.e., n) is known
from the beginning, and we use

√
n as our buffer threshold.

First, note that the time complexity of executing
EXTEND(S,N ) is O(|N |). After each update, our algo-
rithm executes the EXTEND function on the input sets S1

and N1, which makes O(|N1|) = O(
√
n) query calls since

|N1| is always less than the buffer threshold of
√
n.

Thus, we only need to focus on the number of queries made
to compute Sol1. We invoke the EXTEND function to com-
pute Sol1 O(

√
n) times, with one invocation occurring after

every
√
n insertions without any such invocation. The query

complexity of none of these invocations exceeds O(n), so
the amortized query complexity of these invocations is also
O(
√
n) per element. Hence, the proof is complete.

We also address the problem without the assumption of
knowing n from the beginning. Consider the following fix:

Let b denote the buffer threshold. Start with a constant
buffer threshold, for example, b = 2, and double it when the
number of insertions exceeds b2.

First, observe that b never exceeds 2
√
n. Similar to the pre-

vious case, we do not need to consider the queries made to
compute Sol2. Thus, we only focus on the computations of
Sol1. Note that invocations related to Sol1 occur only when
an update causes the transfer of elements from the buffer
to N1, which happens when the buffer reaches b elements.
Consider such an update t. We charge the cost of the queries
made after this update to the b elements transferred. The
total number of queries made for this update is less than b2,
meaning each of these b elements gets charged for no more
than b queries.

Since b = O(
√
n), and each element is charged only once,

the amortized query complexity of the algorithm remains
O(
√
n) per element.
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A. Proof of Lemma 17
Proof. Recall the Corollary 12, which states:

2E [ f(Sol2) ] ≥ E
[
f(N1(

1

2
) ∪ (OPT ∩N2))

]
+

1

2
E
[
f(N1(

1

2
))

]
+

1

2
E
[
f(N1(

1

2
) ∪N2)

]
.

We replace each term in the right-hand side of this inequality with their repspective lower bound that we provided
Lemmas 13, 15, and 16. We obtain the following:

2E [ f(Sol2) ] ≥ E
[
f(N1(

1

2
) ∪ (OPT ∩N2))

]
+

1

2

(
E
[
(f(N1(

1

2
))

]
+ E

[
f(N1(

1

2
) ∪N2)

])
≥ 1

4

(
f(OPT ∩N2) + f(OPT) + f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N1 ∪ OPT)

)
+

1

8

(
f(∅) + f(OPT ∩N1) + f(OPT ∩N1) + f(N1)

)
+

1

8

(
f(N2) + f(OPT ∪N2) + f(OPT ∪N2) + f(N1 ∪N2)

)
.

Next, we rearrange the terms and group them as follows:

2E [ f(Sol2) ] ≥
1

4
f(OPT)

+
1

8
( f(OPT ∩N2) + f(OPT ∩N1) )

+
1

8
( f(N1 ∪ OPT) + f(OPT ∪N2) )

+
1

8

(
f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N2)

)
+

1

8

(
f(OPT ∩N2) + f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N1 ∪ OPT)

)
+

1

8

(
f(∅) + f(OPT ∩N1) + f(N1) + f(OPT ∪N2) + f(N1 ∪N2)

)
.

The following inequalities hold because of the submodularity of the function f :

f(OPT ∩N2) + f(OPT ∩N1) ≥ f((OPT ∩N2) ∪ (OPT ∩N1)) + f((OPT ∩N2) ∩ (OPT ∩N1))

= f(OPT) + f(∅).

f(N1 ∪ OPT) + f(OPT ∪N2) ≥ f((N1 ∪ OPT) ∪ (OPT ∪N2)) + f((N1 ∪ OPT) ∩ (OPT ∪N2))

= f(N1 ∪N2) + f(OPT).

f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N2) ≥ f(((OPT ∩N1) ∪ (OPT ∩N2)) ∪ f(N2))

+ f(((OPT ∩N1) ∪ (OPT ∩N2)) ∩ f(N2))

= f(OPT ∪N2) + f(OPT ∩N2).
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Unconstrained Submodular Maximization in Dynamic Setting

Incorporating these three inequalities in our previous bound, gives us:

2E [ f(Sol2) ] (1)

≥ 1

4
f(OPT) (2)

+
1

8
( f(OPT) + f(∅) ) (3)

+
1

8
( f(N1 ∪N2) + f(OPT) ) (4)

+
1

8

(
f(OPT ∪N2) + f(OPT ∩N2)

)
(5)

+
1

8

(
f(OPT ∩N2) + f((OPT ∩N1) ∪ (OPT ∩N2)) + f(N1 ∪ OPT)

)
(6)

+
1

8

(
f(∅) + f(OPT ∩N1) + f(N1) + f(OPT ∪N2) + f(N1 ∪N2)

)
, (7)

which is equivalent to the inequality stated in the Lemma, and completes the proof.

B. Unconstrained Dynamic Algorithm with Insertions and Deletions
In this section, we develop a dynamic algorithm for unconstrained submodular maximization in a setting that includes
both element insertions and deletions. We first present a deletion-only dynamic algorithm, building on concepts from our
incremental approach, which serves as a foundation for our subsequent algorithm.

B.1. Decremental Dynamic Algorithm for USM with Known-Order Deletions

We design a dynamic algorithm that addresses the problem of maximizing a submodular function without any constraints, in
a decremental setting where the order of deletions is known in advance. This algorithm operates similarly to our incremental
algorithm, but in reverse order.

B.1.1. SETTING

The decremental dynamic setting refers to a framework in which the problem’s input is subject to decremental updates.
Specifically, the algorithm starts with an initial input and processes a stream of updates consisting solely of element
deletions. The objective is to maintain a near-optimal solution while minimizing the computational cost of handling
each deletion, rather than recomputing the solution from scratch after every change. We also assume that the initial
elements provided to the algorithm are sorted according to their deletion order. Specifically, the algorithm receives an
initial list of elements [e1, e2, . . . , en], and after t deletions, it must return an approximate solution to the problem of finding
OPTt = argmaxA⊆Vt

f(A), where Vt := {et+1, . . . , en}.

B.1.2. ALGORITHM DESCRIPTION

In this algorithm (Algorithm 3), we maintain two setsM1 andM2 to store all the remaining elements subject to deletion,
two solution sets Sol′1 and Sol′2, and the set S2 that would always store a random subset ofM2. First, we initializeM2 with
the input set V , while initializing all other sets as empty. To process each deletion, we proceed according to the following
structure:

We check, and if the setM1 is empty, we fill it with the first ⌊
√
n ⌋ elements ofM2 and then updateM2 by removing

those elements. At this point, we also recompute Sol′2 using EXTEND on the updated setM2 and update S2 by randomly
sampling elements from the updatedM2, where each element ofM2 is in S2 with a probability of 1

2 .

Once ensuredM1 is not empty, we remove its first element. We then update the solution Sol′1 by executing EXTEND given
the current (and possibly modified) set S2 and the modified setM1.

Finally, we return the best solution between Sol′1 and Sol′2, maximizing the submodular function value.

In this algorithm,M1 holds the elements ready for deletion, whileM2 contains the elements yet to be processed. At any
given time, the union of the setsM1 andM2 represents all remaining elements. The solution sets Sol′1 and Sol′2 provide
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Unconstrained Submodular Maximization in Dynamic Setting

approximate solutions based on elements from their respective sets andM2, ensuring an approximation guarantee for the
algorithm based on the current partitioning of the optimal solution across these two sets.

Algorithm 3 dynamic known order deletion only

1: function INIT(V )
2: M2 = V
3: M1, S2,Sol′1,Sol′2 ← ∅
4: return Extend(∅,M2)

5: function DELETE()
6: if |M1 | = 0 then
7: M1 ←M2[:

√
n]

8: M2 ←M2[
√
n :]

9: Sol′2 ← Extend(∅,M2)
10: S2 ←M2(

1
2 )

11: M1.pop(0)
12: Sol′1 ← Extend(S2,M1)
13: return argmax{f(Sol′1), f(Sol′2)}

B.1.3. ANALYSIS

In this section, we establish the following theorem by demonstrating the approximation guarantee and query complexity of
Algorithm 3.

Theorem 21. There exists an algorithm for the USM problem in the decremental dynamic setting described in Section B.1.1
that achieves a 0.3 approximation with an amortized query complexity of O(

√
n) per update.

Proof. We show that Algorithm 3 maintains a 0.3-approximate solution for the unconstrained submodular maximization
problem in Lemma 22. The amortized query complexity is O(

√
n) per update which can be proven similar to Lemma 20.

This concludes the proof.

Lemma 22 (Approximation Guarantee). Consider a fixed time t. Let Vt represent the set of elements remaining after the
first t updates, and let OPTt denote the optimal subset of Vt. The output of Algorithm 3 following update t, denoted as Solt,
provides a 0.3-approximation of OPTt. More specifically, we have:

E [ f(Solt) ] = E [ max(f(Sol1), f(Sol2)) ] ≥ 0.3f(OPTt).

Proof. The proof of the correctness of Algorithm 3 closely follows the arguments presented for Algorithm 2. To avoid
excessive repetition, we will only outline its structure instead.

As before, at any point during the execution of our algorithm, the elements of Vt are divided between the two sets N1 and
N2. Consequently, OPTt and OPT will maintain the same definitions as previously established.

Lemma 23. For a fixed set S2, the following inequality holds:

f(OPT(S2,M1)) +
1

2
(f(S2) + f(S2 ∪M1)) ≤ 2E

[
f(Sol′1)

]
.

Lemma 24. For a fixed set S2, the following inequality holds:

2E
[
f(Sol′1)

]
≥ f(S2 ∪ (OPT ∩M1)) +

1

2
(f(S2) + f(S2 ∪M1)).

Corollary 25. We can assert:

2E
[
f(Sol′1)

]
≥ E

[
f(M2(

1

2
) ∪ (OPT ∩M1))

]
+

1

2
E
[
f(M2(

1

2
))

]
+

1

2
E
[
f(M2(

1

2
) ∪M1)

]
.
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Unconstrained Submodular Maximization in Dynamic Setting

Lemma 26. E
[
f(M2(

1
2 ))

]
≥ 1

4

(
f(∅) + f(OPT ∩M2) + f(OPT ∩M2) + f(M2)

)
.

Lemma 27. E
[
f(M2(

1
2 ) ∪ (OPT ∩M1))

]
is lower-bounded by

1

4

(
f(OPT ∩M1) + f(OPT) + f((OPT ∩M2) ∪ (OPT ∩M1)) + f(M2 ∪ OPT)

)
.

Lemma 28. E
[
f(M2(

1
2 ) ∪M1)

]
≥ 1

4

(
f(M1) + f(OPT ∪M1) + f(OPT ∪M1) + f(M2 ∪M1)

)
Lemma 29. The following inequality holds:

2E
[
f(Sol′1)

]
≥ 1

2
f(OPT) +

1

4
f(OPT ∩M1) +

1

8
f((OPT ∩M2) ∪ (OPT ∩M1)) +

1

8
f(M2 ∪ OPT)

+
1

4
f(∅) + 1

8
f(OPT ∩M2) +

1

8
f(M2) +

1

4
f(OPT ∪M1) +

1

4
f(M2 ∪M1).

Corollary 30. The following inequality holds:

2E
[
f(Sol′1)

]
≥ 1

2
f(OPT) +

1

4
f(OPT ∩M1).

Lemma 31. The maximum expected submodular value of Sol′1 and Sol′2 provides a 3
10 -approximation of f(OPT). Specifi-

cally,

max
(
E
[
f(Sol′1)

]
,E

[
f(Sol′2)

])
≥ 3

10
f(OPT).

B.2. Fully Dynamic Algorithm for USM with Deletion Times

We proceed to present an unconstrained dynamic in a setting that accommodates both insertions and deletions.

B.2.1. SETTING

The term "fully dynamic algorithm" denotes frameworks where the problem’s input undergoes both types of updates:
element insertions and element deletions. Let S be the stream of insertion and deletion updates to the problem’s input,
determined by an adversary. In this model, we assume that the deletion time of each element is revealed to the algorithm at
the time of its insertion.

Specifically, at each time step, our algorithm receives an update in the form of either an element insertion or an element
deletion. If an element e is inserted into the set, the algorithm also immediately learns the time at which e will be deleted.

Note, however, that the algorithm uses the deletion times solely to determine the order of element removals. It can also
support various other settings, such as those where elements have a predetermined lifespan, First-in-First-out (FIFO) or
Last-in-First-out (LIFO) orders, or settings where removals are based on a form of ranking. Additionally, with further
adjustments, the algorithm could be adapted to handle settings with error tolerance boundaries or where statistical accuracy
is sufficient.

Similar to the previous settings, The objective is to maintain an approximate solution to the problem of finding OPTt =
argmaxA⊆Vt f(A), where Vt is the set of elements currently in the input after processing all updates up to time t. The
performance of our fully dynamic algorithm is evaluated based on the approximation ratio of the maintained solution and
the computational complexity of each update operation.

B.2.2. ALGORITHM DESCRIPTION

Algorithm 4 maintains two sets, N1 and N2, to store elements. The set N2 acts as a temporary buffer for recently inserted
elements, while N1 serves as a more permanent storage for older elements. The algorithm also keeps an instance of our
decremental algorithm, which handles deletions from the elements stored in N1.

Similar to our incremental algorithm, the algorithm maintains a set S1, which is always a subset of N1, with each element
included with a probability of 1

2 . Also similar to our incremental algorithm, after each update (both insertions and deletions)
we execute the EXTEND algorithm on input sets S1 and N2, and store its output in Sol2. The solution set Sol1, however,
always holds the latest output generated by the decremental algorithm instance I.

The algorithm processes a series of updates over T time steps, where each update is either an element insertion or deletion:
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Unconstrained Submodular Maximization in Dynamic Setting

• Element Insertions: These are handled similarly to the incremental algorithm, with one key difference: when the
buffer N2 becomes full and its elements are transferred to N1, the elements in N1 are sorted by their predicted removal
times, and a new instance of the decremental algorithm is created.

• Element Deletions: These are managed differently:

– If the element being deleted is in the buffer N2, it is simply removed from N2.
– If the element is in N1, it is removed from both N1 and S1 (if applicable), and the decremental algorithm instance
I is invoked to handle the deletion.

At the end of each update step, the algorithm returns the best solution between Sol1 and Sol2.

Algorithm 4 Fully dynamic algorithm with predictions

1: function INIT
2: N1,N2, S1,Sol1,Sol2 ← ∅
3: Let I be an instance of our decremental algorithm
4: for t = 1 to T do
5: if Updatei = INSERT(e) then
6: N2 ← N2 ∪ {e}
7: if | N2 | = ⌊

√
n ⌋ then

8: N1 ← N1 ∪N2,N2 ← ∅
9: Sort the elements in N1 based on their removal time

10: Sol1 ← I.INIT(N1)
11: S1 ← N1(

1
2 )

12: Sol2 ← Extend(S1,N2)
13: yield argmax{f(Sol1), f(Sol2)}
14: if Updatei = DELETE(e) then
15: if e ∈ N2 then
16: N2 ← N2\{e}
17: else
18: Sol2 ← I.DELETE()
19: N1 ← N1\{e}
20: S1 ← S1\{e}
21: Sol2 ← Extend(S1,N2)
22: yield argmax{f(Sol1), f(Sol2)}

B.2.3. ANALYSIS

In this section, we establish the following theorem by demonstrating the approximation guarantee and query complexity of
Algorithm 4.

Theorem 32. There exists an algorithm for the USM problem in a fully dynamic setting described in Section B.2.1 that
achieves a 0.264 approximation with an amortized query complexity of O(

√
n) per update.

Proof. We show that Algorithm 4 maintains a 0.264-approximate solution for the unconstrained submodular maximization
problem in Lemma 22. The amortized query complexity is O(

√
n) per update, which can be proven similarly to Lemma 20.

This concludes the proof.

Lemma 33 (Approximation Guarantee). Consider a fixed time t. Let Vt represent the set of all present elements after the
first t updates, and let OPTt denote the optimal subset of Vt. The output of Algorithm 4 following update t, denoted as Solt,
provides a 0.264-approximation of OPTt. More specifically, we have:

E [ f(Solt) ] = E [ max(f(Sol1), f(Sol2)) ] ≥ 0.264f(OPTt).
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Unconstrained Submodular Maximization in Dynamic Setting

Proof. As explained in the description of the algorithm, exactly similar to the decremental algorithm, Algorithm 4 maintains
a set S1, which is always a subset of N1, with each element included with a probability of 1

2 . After any kind of update, it
executes the EXTEND algorithm on input sets S1 and N2, storing its output in Sol2. Hence, Lemmas 9 through Lemma 17
all hold exactly the same for this algorithm as well. Thus, to prove the approximation guarantee of this algorithm, we only
provide the modified version of Lemma 19.

Lemma 34. The maximum expected submodular value of Sol1 and Sol2 provides a 9
34 -approximation of f(OPT). Specifi-

cally,

max (E [ f(Sol1) ],E [ f(Sol2) ]) ≥
9

34
f(OPT).

Proof. We proceed by analyzing two complementary cases.

Case 1: f(OPT ∩N1) ≥ 30
34f(OPT).

In this case, we show that E [ f(Sol1) ] ≥ 90
340f(OPT). Recall that in Algorithm 4, Sol1 is the output of our decremental

algorithm with an approximation ratio of 3
10 , and the optimal solution in N1 is at least as good as OPT ∩N1.

Case 2: f(OPT ∩N1) <
30
34f(OPT).

By the submodularity property of the function f , we have:

f(OPT) + f(∅) ≤ f(OPT ∩N1) + f(OPT ∩N2) <
30

34
f(OPT) + f(OPT ∩N2).

Non-negativity of f implies:

f(OPT ∩N2) >
4

34
f(OPT) + f(∅) ≥ 4

34
f(OPT).

Next, by Corollary 18, we have:

2E [ f(Sol2) ] ≥
1

2
f(OPT) +

1

4
f(OPT ∩N2).

Substituting the lower bound on f(OPT ∩N2) yields:

2E [ f(Sol2) ] >
(
1

2
+

1

4
× 4

34

)
f(OPT),

which simplifies to:

E [ f(Sol2) ] >
9

34
f(OPT).

Thus, in both cases, we have:

max (E [ f(Sol1) ],E [ f(Sol2) ]) ≥
9

34
f(OPT),

completing the proof.
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