
Fairness k-submodular maximization subject to matroid constraint

Abstract
Fairness k-submodular maximization has attracted1

increasing interest due to its broad relevance in ar-2

tificial intelligence and machine learning. How-3

ever, most existing work is limited to monotone ob-4

jectives or simple size constraints, while the non-5

monotone setting with richer constraints remains6

largely unexplored. In this paper, we first introduce7

a constant-ratio approximation algorithm for the8

problem under a general non-monotone objective9

function and a matroid constraint. Our approach10

is built upon a two-stage algorithmic framework.11

Specifically, we first develop an algorithm that12

guarantees feasibility with respect to upper fairness13

bounds only. We then show how this algorithm14

can be systematically extended to simultaneously15

enforce fairness bounds, while preserving prov-16

able approximation guarantees. Comprehensive ex-17

periments on standard benchmark datasets demon-18

strate that our algorithm achieves high-quality ob-19

jective values while maintaining a favorable bal-20

ance between fairness guarantees and query effi-21

ciency consistently outperforming existing state-22

of-the-art methods.23

1 Introduction24

Given a finite ground set V of size n, an integer k, and a25

non-negative (possibly non-monotone) k-submodular func-26

tion f : (k+1)V → R+, where (k+1)V = {(X1, . . . , Xk) |27

Xi ⊆ V ∀i ∈ [k], Xi ∩ Xj = ∅ ∀i ̸= j}. A k-set x =28

(X1, . . . , Xk) ∈ (k+1)V is said to be fair if each component29

Xi satisfies the fairness bounds li ≤ |Xi| ≤ ui ∀i ∈ [k],30

for given lower and upper fairness bounds li and ui such that31

li ≤ ui. In this work, we study the problem of fairness32

k-submodular maximization under a matroid constraint,33

(denoted as FkSM): find a fair k-set x such that
⋃

i Xi ∈ M34

that maximizes f(x).35

This problem forms a fundamental optimization frame-36

work with broad applicability in artificial intelligence and37

machine learning, including revenue optimization and influ-38

ence maximization [Ha et al., 2024; Ohsaka and Yoshida,39

2015; Qian et al., 2017; Spaeh et al., 2025], sensor place-40

ment [Ha et al., 2024; Nguyen and Thai, 2020], recommenda-41

tion systems and image and document summarization [Spaeh 42

et al., 2025; Feldman et al., 2018]. 43

In the above applications, the fairness factor across com- 44

ponents is essential for obtaining balanced and practically 45

meaningful solutions. In recommendation systems, fairness 46

constraints prevent the over-selection of items from a small 47

number of genres, sellers, or product categories, thereby pro- 48

moting diversity and improving user experience [Spaeh et al., 49

2025; Mirzasoleiman et al., 2016]. Similarly, in revenue and 50

influence maximization, fairness ensures equitable represen- 51

tation across topics, which may correspond to demographic 52

attributes such as gender, ethnicity, or region, and helps mit- 53

igate biased influence propagation [Ha et al., 2024; Ohsaka 54

and Yoshida, 2015; Nguyen and Thai, 2020]. In sensor place- 55

ment, fairness constraints balance the deployment of differ- 56

ent sensor types, preventing excessive allocation to a sin- 57

gle type and improving coverage quality, cost efficiency, and 58

robustness of the sensing system [Nguyen and Thai, 2020; 59

Ha et al., 2024]. 60

Beyond fairness, the objective function in many real- 61

world applications is inherently non-monotone. Such non- 62

monotonicity naturally arises in recommendation maximiza- 63

tion, revenue maximization, and image summarization, where 64

adding an element may reduce the overall utility due to re- 65

dundancy or competition [Spaeh et al., 2025; Mirzasoleiman 66

et al., 2016; Kuhnle, 2019; Pham et al., 2023]. While fair- 67

ness k-submodular maximization has been extensively stud- 68

ied under simple cardinality constraints with monotone ob- 69

jectives [Zhu et al., 2024], the non-monotone setting remains 70

largely unexplored. 71

Moreover, many practical constraints cannot be captured 72

by cardinality limits and require more general feasibility 73

models such as matroid constraints. Despite their broad ap- 74

plicability, no constant-ratio approximation algorithm is cur- 75

rently known for FkSM with general non-monotone objec- 76

tives; consequently, the existence of provably guaranteed ap- 77

proximation algorithms for this problem remains a fundamen- 78

tal open question. 79

1.1 Our Contributions and Techniques 80

In this work, we address the above open question by devel- 81

oping constant-factor approximation algorithms for the FkSM 82

problem. Our main contributions are summarized as follows. 83

• We first study a special case of FkSM in which the lower 84



Table 1: Our algorithms for the FkSM problem. In the Fairness Approximation column, the entry θ indicates that the algorithm’s output
x = (X1, . . . , Xk) satisfies |Xi| ≥ ⌊θ li⌋.

PROBLEM FUNCTION ALGORITHM APPROXIMATION RATIO FAIRNESS APPROXIMATION

UFkSM
MONOTONE UFairkSub 1

4.582
− ϵ –

NON-MONOTONE UFairkSub 1
6.494

− ϵ –

FkSM
MONOTONE FairkSub 1

9.164
− ϵ

2
1
2

NON-MONOTONE FairkSub 1
25.976

− ϵ
4

1
2

fairness bounds satisfy li = 0 for all i ∈ [k], referred to85

as the Upper FkSM (UFkSM) problem. For this setting, we86

propose the UFairkSub algorithm, which achieves an87

approximation ratio of 1
4.582 − ϵ for monotone objective88

functions and 1
6.494 − ϵ for non-monotone objectives.89

• For the general FkSM problem with full fairness bounds,90

we design the FairkSub algorithm that attains an ap-91

proximation ratio of 1
9.164 −

ϵ
2 for monotone objectives92

and 1
25.976 −

ϵ
4 for non-monotone objectives, while al-93

lowing a factor- 12 violation of the lower fairness bounds.94

An overview of our results is provided in Table 1.95

Our techniques. It is worth noting that a recent approach to96

the fairness k-submodular maximization problem with mono-97

tone objectives relies on a greedy strategy over the space of98

extendable k-sets under simple size constraints [Zhu et al.,99

2024]. However, this approach critically depends on mono-100

tonicity and simple size constraints. To overcome this lim-101

itation, we propose a two-phase algorithmic framework to-102

gether with a new theoretical analysis. Our framework, em-103

bodied in the FairkSub algorithm, is purely combinatorial104

and is designed to efficiently handle both monotone and non-105

monotone objective functions under a matroid constraint.106

In the first phase of our algorithm, we develop the107

UFairkSub algorithm as a core subroutine for generating108

candidate solutions to FkSM that satisfy only the upper fair-109

ness constraints, i.e., li = 0 for all i ∈ [k]. The algo-110

rithm employs a greedy threshold strategy to iteratively se-111

lect elements and construct a solution s = (S1, S2, . . . , Sk),112

proceeding until exactly one component remains underfilled,113

namely when |Si| < ui for some i ∈ [k]. We further114

show that this construction can be combined with classical115

techniques for submodular maximization under matroid con-116

straints to establish provable approximation guarantees. A117

key ingredient of this phase is a transformation that projects118

the optimal solution onto the algorithm’s current solution at119

each iteration, allowing us to bound the loss relative to the120

optimum while preserving matroid feasibility. In the second121

phase, we refine the solution obtained from the first phase to122

achieve feasibility with respect to both upper and lower fair-123

ness bounds, as well as the underlying constraints. Specifi-124

cally, we show how to combine the UFkSM to procedure sys-125

tematically produce a final solution with provable guarantees.126

Our analysis exploits a structural decomposition of the opti-127

mal solution and key properties of matroids, together with a128

refinement mechanism that improves solution quality while129

controlling violations of the lower fairness bounds.130

2 Related Work 131

This section discusses related work on the FkSM problem. 132

k-submodular maximization. The notion of k- 133

submodularity was originally proposed by [Singh et 134

al., 2012] and subsequently developed in a series of 135

works that primarily concentrated on unconstrained 136

k-submodular maximization [Ward and Zivnỳ, 2014; 137

Ward and Zivnỳ, 2016; Iwata et al., 2016; Oshima, 2017; 138

Soma, 2019]. [Ohsaka and Yoshida, 2015] first considered 139

k-submodular maximization under a total size constraint 140

B (denoted as kSMTS), requiring | ∪ki=1 Si| ≤ B, as 141

well as under component size constraints B1, B2, . . . , Bk 142

(denoted as kSMIS), where |Si| ≤ Bi for all i ∈ [k]. The 143

authors demonstrated that greedy-based algorithms achieve 144

approximation ratios of 1
2 for the total size constraint and 1

3 145

for the component size constraints, respectively. 146

The kSMIS problem has further been studied in the non- 147

monotone setting. Specifically, [Spaeh et al., 2025] derived 148

an approximation ratio of 0.3178
2 (1 − 1

mini Bi
) ≥ 1

8 , which 149

asymptotically improves to 0.1589 as mini Bi → ∞. Be- 150

yond cardinality constraints, k-submodular maximization has 151

been explored under general constraints. Under matroid con- 152

straints, [Sakaue, 2017] showed that a greedy algorithm at- 153

tains a 1/2-ratio. The knapsack constraint was initiated 154

by [Tang et al., 2022], who proposed a e−1
2e -approximation 155

algorithm for monotone objectives. Subsequent work im- 156

proved this guarantee to 1
2 for monotone objectives and 1

3 for 157

non-monotone objectives [Ha et al., 2024; Zhou et al., 2025]. 158

Among the most relevant works, [Zhu et al., 2024] stud- 159

ied fairness k-submodular maximization under total size con- 160

straint with monotone objective functions and obtained a 1
3 - 161

approximation guarantee. Nevertheless, their method crit- 162

ically depends on monotonicity and cannot be extended to 163

non-monotone objectives. 164

Submodular maxization under fairness constraint (SMF). 165

This problem is the closest variant to FkSM, defined as 166

follows: Given a submodular function f : 2V → R+ 167

and a ground set V partitioned into k disjoint subsets 168

V1, V2, . . . , Vk, the objective is to find a set S ⊆ V that 169

maximizes f(S) subject to the fairness constraints li ≤ 170

|S ∩ Vi| ≤ ui, where li and ui denote the lower and up- 171

per fairness bounds of Vi. The study of the SMF was ini- 172

tiated in [Celis et al., 2018], which focused on monotone 173

objectives and established a tight 1 − 1/e approximation 174

guarantee via the continuous greedy paradigm. Later, [Ha- 175

labi et al., 2020] examined a streaming formulation and de- 176

rived approximation algorithms for both monotone and non- 177

monotone objectives, achieving a 1
2 ratio in the monotone 178

case and a 1
5.82 (1 − maxi

li
|Vi| ) ratio when the objective is 179



non-monotone. These guarantees were improved to γ/3, with180

γ denoting the best-known approximation ratio for submodu-181

lar maximization under matroid constraints [Yuan and Tang,182

2023]. Subsequent work has extended SMF to richer con-183

straints, including matroid constraints [El Halabi et al., 2023;184

Halabi et al., 2024] and knapsack constraints [Cui et al.,185

2024]. A common characteristic of these approaches, how-186

ever, is that they relax the lower-bound fairness requirements,187

typically guaranteeing only |S ∩ Vi| ≥ ⌊li/2⌋ for each group188

i ∈ [k]. Existing algorithmic techniques for SMF do not189

readily extend to kSMF for two fundamental reasons. First,190

k-submodularity exhibits structural properties that differ sub-191

stantially from classical submodularity. Second, fairness con-192

straints in kSMF are intrinsically more involved, as each ele-193

ment must be assigned to exactly one of the k components,194

rather than being selected from pre-defined partitions of the195

ground set. As a result, the existence of constant-factor ap-196

proximation algorithms for the FkSM problem remains an197

open question.198

3 Preliminaries199

k-submodular notations. Given a finite set V of size n, and200

an integer number k, let [k] = {1, 2, . . . , k} and (k + 1)V =201

{(X1, X2, ...Xk) | Xi ⊆ V ∀i ∈ [k], Xi ∩Xj = ∅ ∀i ̸= j}202

be a family of k disjoint subsets of V . For simplicity, we203

call a tuple of k disjoint subsets as a k-set. For a k-set204

x = (X1, X2, . . . , Xk), we call Xi the i-th component of205

x. For each e ∈ V , let x(e) = i if e ∈ Xi for some i ∈ [k],206

and 0 otherwise. We define supp(x) =
⋃

i∈[k] Xi, denote207

(x)i = Xi for each i ∈ [k], and let |x| =
∑k

i=1 |Xi|. Fur-208

thermore, if Xi = {e} and Xj = ∅ for all j ̸= i, we denote209

the corresponding k-set by ⟨e, i⟩. For e /∈ supp(x), adding210

e to Xi is denoted by x + ⟨e, i⟩. Similarly, if e ∈ Xi, then211

x− ⟨e, i⟩ denotes removing e from Xi in the k-set x.212

Given two k-sets x = (X1, . . . , Xk) and y =
(Y1, . . . , Yk), we write x ⊑ y if Xi ⊆ Yi for all i ∈ [k].
The difference between x and y is defined as x − y =
(X1 \ Y1, . . . , Xk \ Yk). A function f : (k + 1)V → R
is k-submodular iff

f(x) + f(y) ≥ f(x ⊓ y) + f(x ⊔ y)

where x⊓y = (X1∩Y1, ..., Xk∩Yk), and x⊔y = (Z1, ...Zk)213

where Zi = Xi ∪ Yi \ (
⋃

j ̸=i Xj ∪ Yj).214

The function f is monotone if f(x) ≥ f(y), for all x ⊑ y.215

The marginal gain of adding e to the i-th set of x denote as216

∆e,if(x) = f(x+⟨e, i⟩)−f(x). We assume that there exists217

an oracle query that returns f(x) when queried for any set k-218

set x.219

Given lower and upper fairness bounds li and ui (with li ≤220

ui for all i ∈ [k]). A k-set x = (X1, . . . , Xk) ∈ (k + 1)V221

is said to be fair if each component Xi satisfies li ≤ |Xi| ≤222

ui ∀i ∈ [k]. Without loss of generality, we assume that ui ≥223

1 for all i ∈ [k].224

Matroids. Let V be a finite ground set. A collection of225

subsetsM⊆ 2V is said to define a matroid if it is non-empty226

and satisfies the following two axioms:227

• Hereditary property: for any sets A and B with A ⊆ B,228

if B ∈ I, then A ∈M;229

• Exchange property: for any A,B ∈ M such that |A| < 230

|B|, there exists an element e ∈ B \ A for which A ∪ 231

{e} ∈ M. 232

For convenience, we use the notation A+e to denote A∪{e} 233

and A − e to denote A \ {e}. A subset A ⊆ V is called in- 234

dependent if A ∈ M. Throughout this work, we assume that 235

the matroid is accessed via an independence oracle. An in- 236

dependent set that cannot be further extended by inclusion is 237

referred to as a basis. A fundamental property of matroids is 238

that all bases have identical cardinality, denoted by r, which 239

is called the rank of the matroid. 240

Problem definition. In this work, we study fairness k- 241

submodular maximization under a matroid constraint (FkSM), 242

which aims to find a fair k-set x satisfying
⋃

i∈[k] Xi ∈ M 243

that maximizes f(x). 244

The following Lemmas are useful for our theoretical analysis. 245

Lemma 1. [Ward and Zivnỳ, 2014] f : (k + 1)V → R+ is 246

k-submodular if and only if f satisfies the two following prop- 247

erties: (1) orthant submodularity, i.e. ∆e,if(x) ≥ ∆e,if(y) 248

for any x,y ∈ (k + 1)V with x ⊑ y and e /∈ supp(y); (2) 249

pairwise monotonicity, i.e. ∆e,if(x) + ∆e,jf(x) ≥ 0 for 250

any x ∈ (k + 1)V , e /∈ supp(x) and i, j ∈ [k] with i ̸= j. 251

Lemma 2 ([Buchbinder et al., 2014]). Let f : 2V 7→ R+ 252

be submodular. Denote by A(p) a random subset of A where 253

each element appears with probability at most p (not neces- 254

sary independently). Then E[f(A(p))] ≥ (1− p)f(∅). 255

Lemma 3 (Exchange property of matroid bases [Schrijver, 256

2003]). In any matroid, for any two bases B1 and B2 and for 257

any partition of B1 into X1 and Y1, there exists a partition of 258

B2 into X2 and Y2 such that both X1 ∪ Y2 and X2 ∪ Y1 are 259

bases. 260

We recall the submodular maximization under a matroid 261

constraint (SMM), whose solution serves as a building block 262

in our algorithmic design. Let f : 2V → R+ be a (pos- 263

sibly non-monotone) submodular function (corresponding to 264

the case k = 1) and a matroidM. The SMM problem is to find 265

argmaxS∈M f(S). 266

4 Algorithm for UFkSM problem 267

In this section, we first introduce the Upper Fair Approxima- 268

tion (UFairkSub) algorithm for the UFkSM problem, which 269

serves as a key building block for computing solutions to the 270

general FkSM problem. Given a ground set V , a k-submodular 271

function f , upper bounds ui, a matroid M, and a parame- 272

ter ϵ > 0, the UFairkSub algorithm operates in a two-stage 273

framework. In the first stage (Lines 1-10), it initializes the 274

solution s← 0, sets the set of unfilled components to I = [k], 275

and computes the maximum singleton value M (Line 1). 276

The algorithm subsequently adopts a threshold-based 277

greedy strategy to incorporate elements with large marginal 278

contributions into s. Concretely, during each iteration of the 279

while loop, every candidate element e is examined. If in- 280

serting e into the current solution preserves feasibility with 281

respect to the matroid M, the algorithm determines the in- 282

dex ie ∈ I that maximizes the marginal gain of e. When 283

this marginal gain is no smaller than the current threshold 284



θ, the element e is assigned to component ie and included285

in the solution (Line 6). Once a component ie reaches its286

capacity, namely |(s)ie| = uie , it is removed from the set287

of available components I (Line 8). The threshold θ is ini-288

tialized to M and is progressively reduced by a multiplica-289

tive factor of (1 − ϵ) in successive iterations, until it drops290

below 2ϵM/(3r). The first stage concludes either after all291

iterations are exhausted or when exactly one component re-292

mains unfilled, i.e., |I| = 1. Notably, this stage always se-293

lects pairs ⟨e, ie⟩ with non-negative marginal gain in to s due294

to the pairwise monotonicity of f . In particular, for any el-295

ement e, there exist two distinct labels i, j ∈ [k] such that296

∆e,if(s) + ∆e,jf(s) ≥ 0.297

If |I| = 1, say I = {i}, the algorithm moves into the298

Second stage (Lines 11-17): We first define a new matroid299

M′ = {S ⊆ V : S ∈ M, |S| ≤ ui} and adapts an 1/α-300

approximation algorithm for SMM problem for a submodular301

function g(S) ← f
(∑

e∈S⟨e, i⟩
)

over ground set V and a302

matroid constraint M′. Let S be the solution returned by303

the corresponding approximation algorithm, and define s′ :=304

{⟨e, i⟩ | e ∈ S}. Finally, the algorithm outputs the better305

solution between s and s′.306

Algorithm 1: UFairkSub algorithm for UFkSM
Input: V, k, f,M, u1, . . . , uk, ϵ

1: s← 0, I ← [k], s′ ← 0,
θ ←M ← max

e∈V, i∈[k]
f(⟨e, i⟩), r = rank(M)

2: while θ ≥ 2ϵM
3r do

3: for e ∈ V \ supp(s) do
4: if supp(s) ∪ {e} ∈ M then
5: ie ← argmax

i∈I
∆e,if(s)

6: if ∆e,ief(s) ≥ θ then
7: s← s+ ⟨e, ie⟩
8: If |(s)ie | = uie then I ← I \ {ie}
9: If |I| = 1 then break

10: θ ← (1− ϵ)θ
11: if |I| = 1 then
12: i← only number in I
13: Define a matroid

M′ = {S ⊆ V : S ∈M, |S| ≤ ui}
14: Define g : 2V → R+ as g(S)← f

(∑
e∈S⟨e, i⟩

)
15: S ← AlgSMM(g, V,M′)
16: s′ ←

∑
e∈S⟨e, i⟩

17: break
18: x← argmaxx′∈{s,s′} f(x)
19: return x

Theoretical Analysis. Denote ⟨ej , ij⟩ as the j-th pair307

added to s and t = |supp(s)| after the while loop of the Al-308

gorithm 1. Let sj = (⟨e1, i1⟩, ⟨e2, i2⟩, . . . , ⟨ej , ij⟩) represent309

the solution s after adding j ≤ t pairs.310

Let o denote an optimal solution to the UFkSM problem.311

For each iteration j of the while loop in Algorithm 1, we312

define a transformation that produces a k-set oj satisfying313

the following properties: (1) |(oj)i| ≤ ui for all i, and (2)314

sj ⊑ oj . 315

The transformation is defined as follows. For j = 0, set o0 = 316

o. For j ≥ 1, we consider the following cases: 317

• If oj−1(ej) = ij , then set oj = oj−1. 318

• If oj−1(ej) = 0, set o′
j = oj−1 + ⟨ej , ij⟩. If |(o′

j)ij | ≤ 319

uij , then set oj = o′
j . Otherwise, select an arbitrary 320

element u ∈ (o′
j)ij \ (sj)ij and set oj := o′

j − ⟨u, ij⟩. 321

• If ij ̸= oj−1(ej) ̸= 0, let p := oj−1(ej) and set o′
j := 322

oj−1 − ⟨ej , p⟩ + ⟨ej , ij⟩. If |(o′
j)ij | ≤ uij , then set 323

oj := o′
j . Otherwise, select an arbitrary element u ∈ 324

(o′
j)ij \ (sj)ij and set oj := o′

j − ⟨u, ij⟩. 325

The transformation projects the optimal solution o onto the 326

evolving solution sj . At each iteration, it retains sj as a fixed 327

backbone while allowing oj to include additional elements 328

within the given bounds. This alignment enables controlled 329

synchronization between o and sj , which is key to establish- 330

ing both approximation and fairness guarantees. 331

Lemma 4 ensures that the residual set Ej = supp(oj) \ 332

supp(sj) is always a subset of the matroid-feasible set 333

supp(o). As a result, Ej remains matroid-independent at ev- 334

ery iteration, which is crucial for proving that solutions is can 335

be extended without violating matroid constraint. 336

Lemma 4. For each iteration j, define Ej = supp(oj) \ 337

supp(sj). Then we have Ej ⊆ supp(o). 338

Lemma 5 establishes a per-iteration bound between the de- 339

crease in the value of the transformed solution oj and the 340

marginal gain achieved by the constructed solution sj . This 341

inequality enables a charging argument, where the loss of oj 342

is paid for by the progress of sj , with constants depending on 343

whether f is monotone or non-monotone. By summing over 344

all iterations, the lemma directly links local improvements to 345

a global approximation guarantee, thereby playing a central 346

role in the overall analysis. 347

Lemma 5. For each j ∈ [t], the following holds: 348

• If f is non-monotone, then 349

f(oj−1)− f(oj) ≤ 3
f(sj)− f(sj−1)

1− ϵ
.

• If f is monotone, then 350

f(oj−1)− f(oj) ≤ 2
f(sj)− f(sj−1)

1− ϵ
.

Theorem 1. For any ϵ > 0, Algorithm 1 satisfies the follow- 351

ing properties. 352

• For non-monotone objective functions f , the algorithm 353

achieves an approximation ratio of 1
6.494 − ϵ. 354

• For monotone objective functions f , the algorithm 355

achieves an approximation ratio of 1
4.582 − ϵ. 356

• Algorithm 1 runs in O
(
nk
ϵ log r

)
+Q(Alg(SMM)), where 357

Q(Alg(SMM)) denotes the query complexity of the under- 358

lying SMM algorithm used as a subroutine. 359



Proof. We first prove the approximation ratio for the360

case non-monotone functions f . Since st ⊑ ot,361

one can write ot = st ⊔ zr, where residual k-set362

zr = {⟨z1, iz1⟩, ⟨z2, iz2⟩, . . . , ⟨zr, izr ⟩}, zi ∈ supp(ot) \363

supp(st), izi = ot(zi), i ∈ [r]. Consider the following cases:364

Case 1. If |st| = r, then r ≤ r. Since supp(st) ∈ M,365

it follows from the down-closed property that supp(sr) ∈366

M. By the augmentation property, there exists an ordering367

supp(z) = {z1, z2, . . . , zr} such that supp(si−1) + zi =368

{e1, e2, . . . , ei−1, zi} ∈ M,∀i ≤ r. The algorithm awlays369

add pairs with non-negative marignal gain so f(st) ≥ f(sr),370

therefore371

f(ot)− f(st) ≤ f(ot)− f(sr) = f(st ⊔ zr)− f(sr)

=

r∑
i=1

∆zi,izi
f(st ⊔ zi−1)

(a)

≤
r∑

i=1

∆zi,izi
f(si−1)

(b)

≤
r∑

i=1

θ(i)

1− ϵ

(c)

≤
r∑

i=1

∆e,if(si−1)

1− ϵ
=

f(sr)

1− ϵ
(1)

where (a) follows from the orthant submodularity of f , (b)372

holds since the pair ⟨zi, izi⟩ was not selected into st in earlier373

iterations, and (c) follows from the selection rule of the pair374

⟨e, i⟩ into si−1. On other hand, by Lemma 5, we obtain375

f(o)− f(ot) =

t∑
j=1

(f(oj−1)− f(oj))

≤
t∑

i=1

3
f(sj)− f(sj−1)

1− ϵ
=

3f(st)

1− ϵ
. (2)

Therefore f(o)− f(st) = f(o)− f(ot) + f(ot)− f(st) ≤376
3f(st)
1−ϵ + f(sr)

1−ϵ ≤
4f(st)
1−ϵ which implies f(st) ≥ 1−ϵ

5 f(o).377

Case 2: If |st| < r, we consider the following cases:378

If |I| = 1 and i is only number in I . From (2) we have:379

f(o) = f(ot) + f(o)− f(ot) ≤ f(ot) + 3
f(st)

1− ϵ
. (3)

By the properties of ot, we have (st)l = (ov)l, ∀l ̸= i and380

(st)i ⊑ (ot)i. By Lemma 3 supp(zr) = Et ∈ M and |zr| ≤381

ui. Thus zr is a feasible solution of UFkSM problem. Since382

g is submodular, assuming 1/α be the approximation ratio of383

A for SMM, we have f(zr) ≤ αg(S) = αf(s′). Therefore384

f(ot) = f(st ⊔ zr) ≤ f(st) + f(zr) ≤ f(st) + αf(s′). Put385

it into (3) we have f(o) ≤ (1 + 3
1−ϵ )f(st) + αf(s′) ≤ (α+386

4−ϵ
1−ϵ )f(x). Therefore f(x) ≥ 1−ϵ

α(1−ϵ)+4−ϵf(o) ≥
1−ϵ
4+αf(o).387

If |I| > 1, we assume that the algorithm continues the main388

loop until |I| = 1 or |supp(s)| = r. This is possible due389

to the pairwise monotonicity of the function f . Specifically,390

for each element e and the current solution x, there exist two391

distinct labels i, j ∈ [k] such that ∆e,if(x)+∆e,jf(x) ≥ 0.392

Therefore, at least one label i ∈ {i, j} satisfies ∆e,if(x) >393

0, which guarantees that the algorithm can make progress in394

each iteration and thus continue the main loop until |s| = r or395

|I| = 1. Let sT = (⟨e1, i1⟩, ⟨e2, i2⟩, . . . , ⟨eT , iT ⟩), T > t as396

s in this case. By the similarity argument of Case 1 and Case397

2 with |I| = 1, we have f(sT ) ≥ 1−ϵ
4+αf(o). We have 398

f(sT )− f(st) ≤
∑

e∈supp(sT )\supp(st)

∆e,sT (e)f(st)

(d)

≤ 2ϵM

3r
≤ 2ϵ

3
f(o)

where (d) holds since the marginal gain of each additional 399

pair is smaller than the final threshold 2ϵM/(3r). This im- 400

plies that f(st) ≥ f(sT )− 2ϵ
3 f(o) ≥ ( 1

4+α − ϵ)f(o). Com- 401

bining all cases, we obtain an approximation ratio of 1
4+α−ϵ. 402

By instantiating the best-known approximation algorithm for 403

SMM with α = 1
0.401

[Buchbinder and Feldman, 2024], the ap- 404

proximation ratio becomes 1
6.494 − ϵ. The proofs of approx- 405

imation ratio for monotone functions and query complexity 406

are presented in the Appendix. 407

5 Algorithm for general FkSM problem 408

We now present a novel algorithmic framework, denoted by 409

FairkSub (Algorithm 2), for the FkSM problem. The frame- 410

work illustrates how the previously proposed UFairkSub al- 411

gorithm can be systematically adapted as a key subroutine to 412

achieve the desired theoretical guarantees. Consequently, the 413

resulting algorithm has a more intricate structure and adopts 414

a two-phase strategy to construct solutions while rigorously 415

enforcing the required bound guarantees. 416

Given an instance of FkSM with parameter ϵ, the algo- 417

rithm proceeds in two stages. In Phase 1, the algorithm 418

first computes a maximum-cardinality independent set L ∈ 419

M, which can be obtained in polynomial time and satis- 420

fies |L| = r ≥
∑

i∈[k] li. It then adapts UFairkSub to 421

compute a candidate solution u for UFkSM on the restricted 422

ground set L, subject to upper fairness bounds li and a ma- 423

troid constraint that is reduced to a cardinality constraint of 424

size
∑

i∈[k] li. For each component i of u, the set (u)i is 425

filled with li elements (Line 5). The algorithm then randomly 426

splits u into two solutions, u(1) and u(2), such that each 427

component (u(j))i has size ⌊li/2⌋ (Line 6). The algorithm 428

continues adapting UFairkSub twice to find candidate solu- 429

tions x(j), j ∈ {1, 2} with setting constraints: upper fairness 430

bounds ui, an induced matroid ofM defined by supp(u(j)) 431

asMj = {T ⊆ V : T ∪ supp(u(j)) ∈ M}. This step yields 432

a potential solutions x(j) that satisfies all upper fairness con- 433

straints while still leaving room for improvement (Line 8). 434

In Phase 2, the algorithm initializes y(j) ← x(j) and then 435

refines the solution by selectively adding elements to any 436

component i from (u(j))i satisfying |(y(j))i| < ui, with the 437

dual objectives of (1) enhancing satisfaction of the lower fair- 438

ness bounds and (2) ensuring a provable bounded guarantee 439

on the quality of the resulting solutions y(j). By construc- 440

tion, this process always preserves matroid feasibility, due to 441

the definition of the induced matroidsMj and the construc- 442

tion of u(j). Finally, the algorithm outputs the best solution 443

among all candidates {y(1), y(2),u}, thereby balancing upper 444

and lower fairness requirements while guaranteeing bounded 445

approximation performance. 446

We present the theoretical guarantees stated in Theorem 2. 447



Algorithm 2: FairkSub algorithm for FkSM
Input: V, k, f, li, ui, ∀i ∈ [k],M, ϵ
// Phase 1: Initializing solution

under upper fairness bounds

1: L← argmaxS⊆V,S∈M |S|, u(1) ← 0, u(2) ← 0
2: u← Adapt UFairkSub with upper bounds li andM

is size constraint
∑

i∈[k] li
3: for i ∈ [k] do
4: if |(u)i| < li then
5: Randomly select li − |(u)i| elements from

L \ supp(u), assign them to (u)i, and
remove them from L

6: Uniformly at random select 2
⌊
li
2

⌋
elements from

(u)i and divide them evenly into two subsets
(u(1))i and (u(2))i

7: Define matroids
Mj = {T ⊆ V : T ∪ supp(u(j)) ∈M}, j ∈ {1, 2}

8: x(j) ← UFairkSub(V, f, k, f, u1, . . . , uk,Mj , ϵ)
// Phase 2: Solution refinement

under fairness bounds
9: for j ∈ {1, 2} do

10: y(j) ← x(j)
11: for i ∈ [k] do
12: foreach e ∈ (u(j))i do
13: if |(y(j))i| < ui then
14: y(j) ← y(j) + ⟨e, i⟩
15: s← argmaxx∈{y(1),y(2),u} f(x)
16: return s

Theorem 2. For any ϵ > 0, the following statements about448

Algorithm 2 hold.449

• It returns a solution s that satisfies supp(s) ∈ M and450

⌊ li2 ⌋ ≤ |(s)i| ≤ ui for the FkSM problem.451

• For non-monotone functions f , it attains an approxima-452

tion ratio of 1
25.976 −

ϵ
4 .453

• For monotone functions f , the algorithm achieves an ap-454

proximation ratio of 1
9.164 −

ϵ
2 .455

• Algorithm 1 runs in O
(
nk
ϵ log r

)
+456

Q(Algorithm for SMM), where Q(Algorithm for SMM)457

denotes the query complexity of the underlying SMM458

algorithm used as a subroutine.459

Proof. We present the approximation ratio analysis below.460

The proofs of the fairness bounds and the query complexity461

can be found in the appendix. Idea of the proof. The approx-462

imation ratio is obtained by splitting the optimal solution o463

into two k-sets and using the matroid base exchange property464

to transform them into feasible subproblem solutions. Ap-465

plying UFairkSub to these subproblems and aggregating the466

results yields the claimed guarantee.467

By Lemma 3, the optimal solution o can be decomposed468

as o = o1 ⊔ o2, where o1 = (O1
1, . . . , O

1
k) and o2 =469

(O2
1, . . . , O

2
k), with supp(o1) ∩ supp(o2) = ∅, such that470

L1 ∪ supp(o1) ∈ M and L2 ∪ supp(o2) ∈ M, where471

L1 = supp(u(1)) and L2 = supp(u(2)). This implies that 472

each oj is a feasible solution to the UFkSM problem with in- 473

stance Ij = (f, V, u1, . . . , uk,Mj) for j ∈ 1, 2. Let ρ denote 474

the approximation ratio of UFairkSub. After Line 6 of Al- 475

gorithm 2, we have 476

f(x(j)) ≥ ρf(oj), ∀j ∈ {1, 2}. (4)

For the case where f is non-monotone. For any k-set v ∈ 477

(k+1)V that supp(v) = {v1, v2, . . . , vm}, we define a finite 478

ground set T (v) = {⟨v1, v(v1)⟩, . . . , ⟨vm, v(vm)⟩}, where 479

each pair ⟨vi, v(vi)⟩ is treated as an individual element of 480

T (v). We then define a function h(·) : 2T (v) 7→ R+ by 481

h(T (v′)) = f(v′) for any v′ ⊑ v. By the orthant sub- 482

modularity of f , it follows that h is a non-negative and sub- 483

modular function. For j ∈ {1, 2}, consider the function 484

h′(·) = h(T (x(j)) ⊔ ·), h′ is also non-negative and submod- 485

ular function. Denote u′(j) ⊑ u(j) is a k-set that contains all 486

pairs added into y(j) in for loop (Lines 9-14). By the con- 487

struction of u(j) in Alg. 2, for any pair ⟨e, i⟩ ⊑ u′(j): 488

Pr[⟨e, i⟩ was selected into y(j)] ≤ Pr[⟨e, i⟩ was selected into u(j)]

=
1

2

2
⌊
li
2

⌋
li
≤ 1

2
.

Applying Lemma 2 gives 489

E[f(y(j))] = E[f(x(j) ⊔ u′(j))] = E[h′(T (u′(j)))]

≥ (1− 1

2
)h′(∅) = 1

2
h(T (x(j))) =

1

2
f(x(j)).

By the selection of final solution, we obtain 490

E[f(s)] ≥ max{E[f(y(1))],E[f(y(2))]}

≥ 1

2
max{f(x(1)), f(x(2))} ≥ 1

4
(f(x(1)) + f(x(2)))

≥ ρ

4
(f(o1) + f(o2)) (Due to (4))

≥ ρ

4
(f(o1 ⊔ o2)) ≥

ρ

4
f(o) (Due to the k-submodularity) .

This implies the approximation ratio ρ/4 = 1/25.976− ϵ/4. 491

For the case where f is monotone, since x(j) ⊑ y(j), we 492

have f(y(j)) ≥ f(x(j)), and hence the approximation ratio is 493

ρ/2 = 1/9.164− ϵ/2. 494

6 Experimental Evaluation 495

In this section, we conduct comprehensive experiments to 496

demonstrate the performance of our FairkSub algorithm on 497

three representative applications of the general FkSM prob- 498

lem, namely Max-k-Cut (MkC), k-topic Influence Maximiza- 499

tion (kTIM), and k-measurement Sensor Placement (kMSP). 500

We set up a partition matroid (a special case of a matroid) 501

in our experiments, following prior study [El Halabi et al., 502

2023]. We parameterize the fairness constraint by a budget 503

ratio B ∈ (0, 1]. Specifically, we set the cardinality budget 504

to b = ⌊B|V |⌋, and define the fairness bounds for each la- 505

bel i ∈ [k] by li =
⌊
0.8 b

k

⌋
, ui =

⌊
1.4 b

k

⌋
, ∀i ∈ [k]. In 506

all figures, B is reported on the horizontal axis; accordingly, 507



B serves as the control parameter of the fairness constraint.508

Since the FkSM problem has not been explicitly studied in509

prior work, we compare our approach with the most closely510

related state-of-the-art algorithms:511

• FairGreedy: a traditional greedy algorithm that iter-512

atively selects the pair with the highest marginal gain513

while satisfying both the matroid and fairness con-514

straints. This approach is commonly used for general515

k-submodular maximization and has been adopted in516

recent works [Ohsaka and Yoshida, 2015; Zhu et al.,517

2024].518

• kGreedyIS: the algorithm for k-submodular maximiza-519

tion under individual size constraints [Ohsaka and520

Yoshida, 2015].521

• kGreedyTS: the algorithm for k-submodular maximiza-522

tion under a total size constraint [Ohsaka and Yoshida,523

2015].524

To adapt kGreedyIS and kGreedyTS to our problem set-525

ting, we proceed as follows: (i) we first construct a maximum-526

size feasible solution satisfying the matroid constraint; (ii)527

we adapt kGreedyIS by treating the upper fairness bounds528

as individual size constraints; and (iii) we adapt kGreedyTS529

by setting the total size constraint to B. These adapted al-530

gorithms serve as heuristic baselines and do not provide any531

theoretical approximation guarantees. We evaluate all algo-532

rithms using four criteria: (i) objective value, (ii) number533

of oracle queries, (iii) running time, and (iv) fairness error534

FairErrors(x) =
∑

i∈[k] max{|(x)i| − ui, ; li − |(x)i|; 0},535

as adopted in [Zhu et al., 2024]. Due to page limitations,536

detailed experimental settings and matroid specifications are537

deferred to the Appendix.538

Experimental results. We report the main results (Fig. 1)539

for two representative scenarios: (i) MkC (ii) the kTIM on540

Amazon and Facebook datasets. More detailed results are in-541

cluded in the Appendix.542

Objective value. Fig. 1(a,d) shows that FairkSub pro-543

vides stable solution quality as B increases. On Amazon544

(MkC), FairkSub achieves objective values close to Fair-545

Greedy (a gap of about 5%), while it clearly outperforms546

kGreedyIS and kGreedyTS (about 36.9%–85.0% higher than547

kGreedyIS, and 37.0%–69.0% higher than kGreedyTS). On548

Facebook, FairkSub remains competitive with FairGreedy,549

while consistently outperforming kGreedyIS by about 0.7%–550

7.6% and substantially surpassing kGreedyTS by approxi-551

mately 12.2%–31.8%.552

Number of queries. Fig. 1(b,e) highlights the query ef-553

ficiency of FairkSub, especially for MkC. On Amazon,554

FairkSub reduces the number of queries by about 79–555

278 times compared to FairGreedy, and by about 35–93556

times compared to kGreedyIS/kGreedyTS. On Facebook,557

the reduction is more moderate: compared to FairGreedy,558

FairkSub uses about 1.3–3.7 times fewer queries; compared559

to kGreedyIS, FairkSub uses fewer queries when B ≥ 0.04560

(about 1.3–1.7 times fewer), while at B = 0.02 it may re-561

quire more queries.562

Fairness Errors. Fig. 1(c,f) indicates that FairkSub gen-563

erally controls the fairness constraints well. On Ama-564

zon, FairkSub attains FairErrors = 0 for most cases565

B and only shows a very small violation at B = 0.5 566

(fair FairErrors = 17), whereas kGreedyTS has substan- 567

tial violations that grow with B (e.g., 350 → 1366), and 568

kGreedyIS/FairGreedy may also violate fairness at larger B. 569

On Facebook, FairkSub keeps fair error equal to 0 for all 570

tested B, matching FairGreedy/kGreedyIS, and improving 571

over kGreedyTS (whose violations increase from 72 to 534 572

as B grows). Overall, the results suggest that FairkSub 573

strikes a good balance between solution quality and computa- 574

tional cost: while remaining competitive in objective value, 575

FairkSub substantially reduces the number of queries, 576

and maintains very small fairness violations.
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Figure 1: Performance of the algorithms in terms of objective value,
query complexity, and fairness error.

577

7 Conclusions 578

We studied the FkSM problem with possibly non-monotone 579

objectives, which has broad significance and impact in ar- 580

tificial intelligence and machine learning. Our combinato- 581

rial two-phase framework provides the first constant-factor 582

approximation guarantees while ensuring matroid feasibil- 583

ity, full upper-bound satisfaction, and a factor-1/2 guarantee 584

on the lower bounds. Experiments on standard benchmark 585

datasets further demonstrate the effectiveness of our approach 586

in terms of solution quality, query efficiency, and running 587

time. An important direction for future work is to extend this 588

framework to richer and more general constraint settings. 589
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Appendix754

A Missed Proofs of Lemmas and Theorems755

Lemma 4. For each iteration j, define Ej = supp(oj) \ supp(sj). Then we have Ej ⊆ supp(o).756

Proof. We proof this Lemma by the induction757

If j = 0, oj = o, the Lemma holds. Asumme that The Lemma holds with j − 1 ≥ 1, we consider following cases:758

• If oj−1(ej) = ij , oj = oj−1. Thus Ej = Ej−1 ∈ supp(o).759

• If oj−1(ej) = 0, o′
j = oj−1 + ⟨ej , ij⟩. We consider the following cases:760

– If |(o′
j)ij | ≤ uij , then set oj = o′

j = oj−1+⟨ej , ij⟩. Thus Ej = supp(oj)\supp(sj) = supp(oj−1)\supp(sj−1) =761

Ej−1.762

– If |(o′
j)ij | > uij , oj := o′

j−⟨u, ij⟩. Thus Ej = supp(oj)\supp(sj) = ((supp(oj−1)∪{ej}\{u}))\supp(sj)) =763

(supp(oj−1) \ {u}) \ supp(sj−1)) = Ej−1 \ {u} ∈ supp(o).764

• If ij ̸= oj−1(ej) ̸= 0, p := oj−1(ej) o
′
j := xj−1 − ⟨ej , p⟩+ ⟨ej , ij⟩, we always have supp(oj) ⊆ supp(oj−1) and thus765

Ej = supp(oj) \ supp(sj) = supp(oj−1) \ (supp(sj−1) ∪ {e}) = Ej−1 \ {e} ∈ supp(o).766

In all cases, Ej ∈ supp(o). This completes the induction and the proof.767

Lemma 5. For each j ∈ [t], the following holds:768

• If f is non-monotone, then769

f(xj−1)− f(xj) ≤
3
(
f(sj)− f(sj−1)

)
1− ϵ

.

• If f is monotone, then770

f(xj−1)− f(xj) ≤
2
(
f(sj)− f(sj−1)

)
1− ϵ

.

Proof. Prove for case f is non-monotone.771

We now prove the Lemma by the definition of the transformation for oj and exploring the pairwise monotonicity property of772

the k-submodular function f . We prove the lemma by consider each cases of the transformation:773

• Case 1. If oj−1(ej) = ij , oj = oj−1. Thus f(oj−1)− f(oj) = 0 ≤ f(sj)− f(sj−1).774

• Case 2. If oj−1(ej) = 0. Recap that o′
j = oj−1 + ⟨ej , ij⟩. Let q be a value in I that q ̸= ij in this case, we have775

|(oj−1)q| < uq , we consider following cases:776

– If |(o′
j)ij | ≤ uij , with a notice that sj−1 ⊑ oj−1, we have777

f(oj−1)− f(oj) = ∆ej ,qf(oj−1)− (∆ej ,qf(oj−1) + ∆ej ,ijf(oj−1)) (5)

≤ ∆ej ,qf(oj−1) ≤ ∆ej ,qf(sj−1) (6)

≤ ∆ej ,ijf(sj−1) = f(sj)− f(sj−1). (7)

The sequence of inequalities in (6) follows from pairwise monotonicity and orthant submodularity, while the sequence778

of inequalities in (7) is a consequence of the selection rule employed by Algorithm 1.779

– If |(o′
j)ij | > uij , by the construction of oj and selection rule of u we have oj−1−⟨u, ij⟩ = oj −⟨ej , ij⟩. Therefore,780

f(oj−1)− f(oj) = ∆u,ijf(oj−1 − ⟨u, ij⟩) + ∆ej ,qf(oj − ⟨ej , ij⟩) (8)

− (∆ej ,ijf(oj − ⟨ej , ij⟩) + ∆ej ,qf(oj − ⟨ej , ij⟩)) (9)

≤ ∆u,ijf(oj−1 − ⟨u, ij⟩) + ∆ej ,qf(oj − ⟨ej , ij⟩) (10)

≤ ∆u,ijf(sj−1) + ∆ej ,qf(sj−1) (11)

≤ 2
θj

1− ϵ
≤ 2

f(sj)− f(sj−1)

1− ϵ
(12)

where inequality (10) is due to pairwise monotonicity. The inequality (11) are due to orthant submodularity, the fact781

that sj−1 ⊑ oj−1 − ⟨u, ij⟩ and the inequality (12) is due to the selection rule of Algorithm 1: For any pair ⟨u, l⟩782

that is not added to s at iteration j, its marginal gain is smaller than the threshold θ in all previous iterations, thus783

∆u,lf(sj−1) ≤ θj
1−ϵ for any u /∈ supp(sj−1), l ∈ [k].784

• Case 3. If ij ̸= oj−1(ej) ̸= 0, then o′
j := oj−1 − ⟨ej , p⟩+ ⟨ej , ij⟩ and p := oj−1(ej).785



– If |(o′
j)ij | ≤ uij , oj = o′

j so we have: 786

f(oj−1)− f(oj) = 2∆ej ,pf(oj−1 − ⟨ej , p⟩)−
(
∆ej ,pf(oj−1 − ⟨ej , p⟩) + ∆ej ,ijf(oj−1 − ⟨ej , p⟩)

)
(13)

≤ 2∆ej ,pf(oj−1 − ⟨ej , p⟩) (14)

≤ 2 ∆ej ,pf(sj−1) (15)

≤ 2
θj

1− ϵ
≤ 2

f(sj)− f(sj−1)

1− ϵ
(16)

where inequality (14) is due to pairwise monotonicity. The inequality (15) is due to orthant submodularity the fact 787

that sj−1 ⊏ oj−1 − ⟨ej , p⟩. 788

– If |(o′
j)ij | > uij , recall that oj := o′

j − ⟨u, ij⟩+ ⟨u, p⟩. With a notice that oj−1 − ⟨ej , p⟩ − ⟨u, ij⟩ = oj − ⟨ej , ij⟩ 789

and by the pairwise monotonicity, the selection rule of the algorithm we have 790

f(oj−1)− f(oj) = (f(oj−1)− f(oj−1 − ⟨u, ij⟩)) + (f(oj−1 − ⟨u, ij⟩)− f(oj) (17)
= ∆u,ijf(oj−1 − ⟨u, ij⟩) + 2∆ej ,pf(oj−1 − ⟨u, ij⟩ − ⟨ej , p⟩) (18)

−
(
∆ej ,pf(oj−1 − ⟨u, ij⟩ − ⟨ej , p⟩) + ∆ej ,ijf(oj−1 − ⟨u, ij⟩ − ⟨ej , p⟩)

)
(19)

≤ ∆u,ijf(sj−1) + 2∆ej ,pf(oj−1 − ⟨ej , p⟩) (20)

≤ f(sj)− f(sj−1)

1− ϵ
+ 2∆ej ,pf(sj−1) (21)

≤ f(sj)− f(sj−1)

1− ϵ
+ 2

f(sj)− f(sj−1)

1− ϵ
(22)

≤ 3
f(sj)− f(sj−1)

1− ϵ
. (23)

Therefore, by combining all cases, we obtain f(oj−1)− f(oj) ≤ 3
f(sj)−f(sj−1)

1−ϵ . 791

Prove for case f is monotone. We first reuse the arguments from the previous case, which remain valid when f is monotone. 792

If any of Case 1, Case 2, or Case 3 with |(o′
j)ij | ≤ uij occurs, then the lemma holds for monotone f , since 793

f(oj−1)− f(oj) ≤
2
(
f(sj)− f(sj−1)

)
1− ϵ

.

We consider following remain case Case 3 with |(o′
j)ij | > uij 794

If |(o′
j)ij | > uij , recall that oj := o′

j −⟨u, ij⟩+ ⟨u, p⟩. With a notice that oj−1−⟨ej , p⟩− ⟨u, ij⟩ = oj −⟨ej , ij⟩, therefore 795

f(oj−1)− f(oj) ≤ f(oj−1)− f(oj − ⟨ej , ij⟩) (24)
= f(oj−1)− f(oj − ⟨ej , ij⟩+ ⟨u, ij⟩) + f(oj − ⟨ej , ij⟩+ ⟨u, ij⟩)− f(oj − ⟨ej , ij⟩) (25)
= ∆e,pf(oj − ⟨ej , ij⟩+ ⟨u, ij⟩) + ∆u,ijf(oj − ⟨ej , ij⟩) (26)

≤ ∆e,pf(sj−1) + ∆u,ijf(sj−1) (27)

≤ 2
θj

1− ϵ
(28)

≤ 2
f(sj)− f(sj−1)

1− ϵ
(29)

where inequality (24) follows from the monotonicity of f , inequality (27) follows from the orthant submodularity of f , and 796

inequality (28) follows from the selection rule of the algorithm. 797

Theorem 2. For any ϵ > 0, Algorithm 1 satisfies the following properties. 798

• For non-monotone objective functions f , the algorithm achieves an approximation ratio of 1
6.494 − ϵ. 799

• For monotone objective functions f , the algorithm achieves an approximation ratio of 1
4.582 − ϵ. 800

• Algorithm 1 runs in O
(
nk
ϵ log r

)
+ Q(Alg(SMM)), where Q(Alg(SMM)) denotes the query complexity of the underlying 801

SMM algorithm used as a subroutine. 802



Proof. Proof the approximation ratio for monotone case in Theorem 1. We also consider two cases803

Case 1. If |st| = r, apply Lemma 5 for monotone case, we have804

f(o)− f(ot) =

t∑
j=1

(f(oj−1)− f(oj))

≤
t∑

i=1

2
f(sj)− f(sj−1)

1− ϵ
=

2f(st)

1− ϵ
. (30)

Combine this with (1) we obtain805

f(o) = (f(o)− f(ot)) + (f(ot)− f(st)) + f(st) (31)

=
2f(st)

1− ϵ
+

f(sr)

1− ϵ
+ f(st) (32)

≤ 4− ϵ

1− ϵ
f(st) (33)

which implies that f(st) ≥ 1−ϵ
4−ϵf(o).806

Case 2: If |st| < r, we consider the following cases: If |I| = 1 and i is only number in I . From (30) we have:807

f(o) = f(ot) + f(o)− f(ot) ≤ f(ot) +
2f(st)

1− ϵ
. (34)

By the properties of ot, we have (st)l = (ov)l, ∀l ̸= i and (st)i ⊑ (ot)i. By Lemma 3 supp(zr) = Et ∈ M and |zr| ≤ ui.
Thus zr is a feasible solution of UFkSM problem. Since g is submodular, by applying the best approximation algorithm A for
SMM for monotone submodular objective function 1/α = 1− 1/e [Cualinescu et al., 2011], we have f(zr) ≤ αg(S) = αf(s′),
where 1/α = 1− 1/e [Qi, 2023]. Therefore

f(ot) = f(st ⊔ zr) ≤ f(st) + f(zr) ≤ f(st) + αf(s′).

Put it into (34) we have

f(o) ≤ (1 +
2

1− ϵ
)f(st) + αf(s′) ≤ (α+

3− ϵ

1− ϵ
)f(x).

Therefore
f(x) ≥ 1− ϵ

α(1− ϵ) + 3− ϵ
f(o) ≥ 1− ϵ

3 + α
f(o).

If |I| > 1, we assume that the algorithm continues the main loop until |I| = 1 or |supp(s)| = r. This is possible due to the808

pairwise monotonicity of the function f . Specifically, for each element e and the current solution s, there exist two distinct809

labels i, j ∈ [k] such that ∆e,if(s) + ∆e,jf(s) ≥ 0. Therefore, at least one label i ∈ {i, j} satisfies ∆e,if(x) > 0, which810

guarantees that the algorithm can make progress in each iteration and thus continue the main loop until |s| = r or |I| = 1. Let811

sT = (⟨e1, i1⟩, ⟨e2, i2⟩, . . . , ⟨eT , iT ⟩), T > t as s in this case. By the similarity argument of Case 1 and Case 2 with |I| = 1,812

we have f(sT ) ≥ 1−ϵ
3+αf(o). We have813

f(sT )− f(st) ≤
∑

e∈supp(sT )\supp(st)

∆e,sT (e)f(st)
(d)

≤ 2ϵM

3r
≤ 2ϵ

3
f(o)

where (d) holds since the marginal gain of each additional pair is smaller than the final threshold 2ϵM/(3r). This implies that

f(st) ≥ f(sT )−
2ϵ

3
f(o) ≥ (

1

4 + α
− ϵ)f(o).

Combining all cases, we obtain an approximation ratio of
1− ϵ

3 + α
− ϵ ≥ e− 1

4e− 3
− ϵ ≈ 1

4.582
− ϵ.

Prove for query complexity. The algorithm first finds the maximal singleton M within O(n) queries. It then conducts814

log1−ϵ(
2ϵ
3r ) iterations of the while loop (Lines 2-10) in which each iteration takes O(nk) queries. After the while loop, if815

|I| = 1, the algorithm calls algorithm for SMM requiring O(Alg(SMM)). The total queries required is at most816

O(n) +O(nk log1−ϵ(
2ϵ

3r
)) +O(Alg(SMM)) (35)

= O(n+
nk

ϵ
log(r)) +O(Alg(SMM)) (36)



The algorithm first finds the maximal singleton M using O(n) value-oracle queries. It then executes the while loop (Lines 2–10) 817

for log1−ϵ

(
2ϵ
3r

)
iterations, where each iteration requires O(nk) queries. After the while loop, if |I| = 1, the algorithm invokes 818

the subroutine for SMM, which requires O(Alg(SMM)) queries. Consequently, the total number of oracle queries is bounded by 819

O(n) +O

(
nk log(1−ϵ)

(
2ϵ

3r

))
+O(Alg(SMM)) = O

(
n+

nk

ϵ
log(r)

)
+O(Alg(SMM)). (37)

The proof is completed. 820

Theorem 2. For any ϵ > 0, the following statements about Algorithm 2 hold. 821

• It returns a solution s s that satisfies supp(s) ∈M and ⌊ li2 ⌋ ≤ |(s)i| ≤ ui for the FkSM problem. 822

• For non-monotone functions f , it attains an approximation ratio of 1
21.976 −

ϵ
4 . 823

• For monotone functions f , the algorithm achieves an approximation ratio of 1
9.164 −

ϵ
2 . 824

• Algorithm 1 runs in O
(
nk
ϵ log r

)
+Q(Algorithm for SMM), where Q(Algorithm for SMM) denotes the query complexity of 825

the underlying SMM algorithm used as a subroutine. 826

Proof. Proof of matroid feasibility. In Phase 2, the algorithm initializes y(j) ← x(j) and then refines the solution by selectively
adding elements from (u(j))i to any component i satisfying |(y(j))i| < ui. This operation always preserves matroid feasibility.
Indeed, since x(j) is feasible in the induced matroid Mj and every added element belongs to u(j), whose support satisfies
supp(u(j)) ∪ supp(x(j)) ∈M, it follows that the support of y(j) remains independent inM.
Prove fairness bounds. By construction, both x(j) and y(j) always satisfy the upper fairness constraints. Since |L| ≥

∑
i li

and u(j) is constructed from u in Lines 3–4, we have |(u(j))i| ≥ ⌊li/2⌋ for all i. Moreover, as pairs from u(j) are added to
y(j), it follows that |(y(j))i| ≥ |(u(j))i| ≥ ⌊li/2⌋.
Prove the query complexity. Algorithm 2 first computes the set L without making any value-oracle query to f , and then
invokes FairkSub once in Line 2 and twice in Line 8, incurring a query complexity of O!

(
n+ nk

ϵ log(r)
)
+ O(Alg(SMM)).

It then refines the solution in Lines 9–12 using at most 2
∑

i∈[k] ui additional queries. Therefore, the total number of queries
required is at most

O

(
n+

nk

ϵ
log(r)

)
+O(Alg(SMM)) + 2

∑
i∈[k]

ui = O

(
n+

nk

ϵ
log(r)

)
+O(Alg(SMM))

which completes the proof. 827

828

B Additional Experimental Details 829

B.1 Applications and Datasets 830

We begin by describing representative applications of the FkSM problem. 831

• Max-k-Cut (MkC): MkC [Frieze and Jerrum, 1997] is defined as follows: Given a graph G = (V,E) and an integer 832

k ≥ 2, the goal is to partition the vertex set V into k disjoint subsets V1, . . . , Vk such that the total weight of edges crossing 833

between different partitions is maximized. Formally, the objective is to maximize f(s) =
∑

(u,v)∈E, u∈Vi, v∈Vj , i̸=j wuv , 834

where wuv denotes the weight of edge (u, v). This weighted formulation generalizes the cut-size (unweighted) Max-k- 835

Cut: setting wuv ≡ 1 for all (u, v) ∈ E recovers the objective that counts the number of edges crossing different parts. The 836

associated objective function f(·) used in our setting corresponds to a non-monotone k-submodular function [Spaeh et al., 837

2025]. In our experiments, we assign a random edge weight wuv ∼ Unif(0, 1) independently to each edge (u, v) ∈ E for 838

all MkC datasets. Weights are generated once per dataset and fixed across all algorithms. In this application, we use the 839

Email, Amazon, and Twitch datasets. 840

• k-topics Influence Maximization (kTIM). We consider the k-topic independent cascade model on a directed graph G = 841

(V,E), as introduced by [Ohsaka and Yoshida, 2015]. For each topic i ∈ [k] and edge (u, v) ∈ E, an activation probability 842

piu,v ∈ [0, 1] is given. A seed assignment is s ∈ (k + 1)V , where s(v) = i means that v is chosen as a seed for topic i 843

and s(v) = 0 otherwise; let suppi(s) = {v ∈ V : s(v) = i}. For each topic i, the diffusion starts from suppi(s) and 844

follows the standard independent cascade rule with probabilities {piu,v}, independently across topics. Let Ai(suppi(s)) 845

be the (random) set of vertices activated by topic i. We define the multi-topic influence spread by 846

σ(s) = E

∣∣∣∣∣∣
⋃
i∈[k]

Ai(suppi(s))

∣∣∣∣∣∣
 .



It is known that σ is monotone k-submodular [Ohsaka and Yoshida, 2015]. Our objective is to find s ∈ (k + 1)V maxi-847

mizing σ(s) subject to the matroid and fairness constraints defined below. We used Facebook dataset in this application.848

• k-measurements Sensor Placement (kMSP). We consider the sensor placement problem studied in [Ohsaka and Yoshida,849

2015]. There are k sensor types and a ground set V of candidate locations. A feasible deployment is represented by850

(S1, . . . , Sk) with Si ⊆ V , where at most one sensor can be installed at each location (i.e., the sets S1, . . . , Sk are851

pairwise disjoint). When a type-i sensor is installed at location e ∈ V , it generates a random measurement X(i)
e , and we852

define Ω = {X(i)
e : e ∈ V, i ∈ [k] }. For any A ⊆ Ω, the entropy is853

H(A) = −
∑

x∈dom(A)

Pr[A = x] log Pr[A = x].

Our objective is to maximize the entropy of the collected measurements,854

f(S1, . . . , Sk) = H
(
{X(i)

e : i ∈ [k], e ∈ Si }
)
,

which is monotone k-submodular [Ohsaka and Yoshida, 2015]. In our experiments, we use the Intel Lab dataset and follow855

the same evaluation protocol as [Ene and Nguyen, 2022].856

Matroid setting. Across all datasets and applications, we impose a partition matroid constraint together with per-label fairness857

bounds. We parameterize the fairness constraint by a budget ratio B ∈ (0, 1]. Specifically, we set the cardinality budget to858

b = ⌊B|V |⌋, and define the fairness bounds for each label i ∈ [k] as859

li =

⌊
0.8

b

k

⌋
, ui =

⌊
1.4

b

k

⌋
, ∀i ∈ [k].

In all figures, B is reported on the horizontal axis; accordingly, B (through the induced bounds li and ui) serves as the control860

parameter of the fairness constraint. Details of the datasets used in our experiments are summarized in Table 2. The column861

“#Matroid parts” in Table 2 denotes the number of parts p in the partition matroid. For Email, we use the part labels provided862

by the dataset. For the other datasets, we randomly assign vertices to p parts as evenly as possible (with part sizes differing by863

at most one vertex). We generate the partition once and keep it fixed across runs. The original Amazon graph contains 262,111864

vertices; following the common practice of extracting a representative subgraph, in our experiments we restrict to the top-5000865

communities, resulting in a reduced instance with 16, 716 vertices.

Table 2: The datasets used in experiments

Database #Nodes #Edges #Matroid parts Applications
Email 1,005 25,571 42 MkC
Amazon 16,716 48,739 10 MkC
Twitch 168,114 6,797,557 10 MkC
Facebook 4,039 88,234 10 kTIM
Intel Lab sensors 55 - 3 kMSP

866

Other experimental settings. All methods were implemented in C++17 and compiled with g++ using -O2; for the kTIM867

objective, we enabled OpenMP (-fopenmp) to parallelize Monte Carlo simulations. All experiments were executed on our868

HPC cluster using the small partition with a single compute node, allocating 32 CPU cores and 128 GB memory. We869

report wall-clock running time measured by std::chrono, and we used the same objective oracle implementation and data870

structures across algorithms to ensure a fair runtime comparison. For all implemented algorithms, we set the parameter ϵ to 0.1871

and k = 3.872

For the subroutine solving submodular maximization under a matroid constraint (SMM) in UFairkSub and FairkSub, the873

best-known approximation algorithms in [Cualinescu et al., 2011; Buchbinder and Feldman, 2024] rely on the multilinear874

extension to estimate the objective function. However, their approximation guarantees are largely of theoretical interest and875

do not translate well into practical performance, as these algorithms incur a prohibitively large polynomial query complexity876

Poly(n) [Chen and Kuhnle, 2024]. Therefore, we employ a practical algorithm proposed in [Han et al., 2020], which achieves877

a 1/4-approximation ratio for non-monotone submodular functions and a 1/2-approximation ratio for monotone submodular878

functions.879

B.2 Experimental Results880

This subsection reports additional experimental results for the three applications, following the four evaluation criteria: objec-881

tive value, number of queries, fairness error, and running time. Unless otherwise stated, the trends in running time are consistent882

with those of number of queries.883

https://snap.stanford.edu/data/email-Eu-core.html
https://snap.stanford.edu/data/amazon0302.html
https://snap.stanford.edu/data/twitch_gamers.html
https://snap.stanford.edu/data/ego-Facebook.html
http://db.csail.mit.edu/labdata/labdata.html


For the kTIM experiment on the Facebook dataset, the main paper (Fig. 1) already reports objective value, number of queries, 884

and fairness error; here we only provide the additional running-time results (Fig. 2(a)). Overall, FairkSub is consistently 885

faster than the baselines across all tested budgets (e.g., 996 seconds at B = 0.02 and 1415 seconds at B = 0.10), while 886

FairGreedy, kGreedyIS, and kGreedyTS require substantially more time (e.g., 4317/1881/2487 seconds at B = 0.02 and 887

33238/13469/17335 seconds at B = 0.10, respectively). Similarly, for Amazon dataset, the main paper (Fig. 1(d,e,f)) already 888

reports objective value, number of queries, and fairness error; Fig. 2(b) shows that FairkSub also enjoys a clear running-time 889

advantage, completing in about 0.086–0.160 seconds over B ∈ [0.1, 0.5], compared to 5.22–16.16 seconds for FairGreedy and 890

about 2.82–6.33 seconds for kGreedyIS/kGreedyTS.
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Figure 2: Additional running-time results corresponding to Fig. 1: Facebook (kTIM, a) and Amazon (MkC, b).
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Figure 3: Performance of the algorithms for the MkC application on the Email dataset.

MkC on Email. Fig. 3 summarizes the results on Email. In terms of objective value, FairGreedy achieves the best values 892

across budgets, while FairkSub becomes increasingly competitive as B grows: the relative gap to FairGreedy decreases from 893
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Figure 4: Performance of the algorithms for the MkC application on the Twitch dataset.

about 54% at B = 0.1 to around 7.6% at B = 0.7. Moreover, for moderate-to-large budgets (B ≥ 0.3), FairkSub consistently894

outperforms kGreedyIS and kGreedyTS in objective value.895

Regarding number of queries, FairkSub is significantly more query-efficient. Across all budgets, FairkSub uses about896

3.9× 104–4.8× 104 queries, while FairGreedy requires about 3.7× 105–1.3× 106 queries. This corresponds to roughly 8–27897

times fewer queries for FairkSub (and similarly large improvements over kGreedyIS/kGreedyTS). This is reflected in running898

time: FairkSub runs in about 0.015–0.027 seconds, compared with roughly 0.16–0.40 seconds for FairGreedy.899

In terms of fairness, FairkSub attains zero violation for all tested budgets. In contrast, kGreedyTS exhibits noticeable900

violations at several budgets (e.g., up to 55 at B = 0.5), and kGreedyIS may also violate fairness at larger budgets (e.g., at901

B = 0.7).902

MkC on Twitch. Fig. 4 reports results on the largest MkC instance (Twitch), where computational differences are most903

visible. For objective value, FairGreedy attains the highest values, while FairkSub remains competitive and clearly dominates904

kGreedyIS/kGreedyTS. For example, over B ∈ [0.1, 0.5], FairkSub achieves about 1.24M–4.17M, which is typically much905

higher than kGreedyIS/kGreedyTS, while staying within a moderate gap to FairGreedy.906

For the number of queries, FairkSub uses only about 1.56× 107–1.71× 107 queries, whereas the baselines require billions907

of queries. For example, FairGreedy needs about 9.2×109–3.0×1010 queries, meaning that FairkSub uses roughly 540–1,900908

times fewer queries across all budgets (with similarly large gaps compared to the other baselines). Consequently, FairkSub909

achieves dramatic running-time improvements: it finishes in about 20–27 seconds, compared with thousands of seconds for the910

baselines (e.g., ∼ 7008–15966 seconds for FairGreedy), i.e., speedups on the order of 102–103.911

Regarding fairness, FairkSub attains zero violation for B ≤ 0.4 and shows a small violation at B = 0.5 (fair error = 887),912

which remains smaller than the violations of FairGreedy and kGreedyTS at the same budget.913

kMSP on Intel Lab sensors. Fig. 5 presents results for sensor placement. In terms of objective value, FairkSub is consis-914

tently close to FairGreedy, with a small relative gap of roughly 0.6%–3.2% depending on B. kGreedyTS sometimes attains915

slightly higher objective values, but this comes with substantial fairness violations (e.g., fair error 6–15 across budgets), whereas916

FairkSub maintains zero violation for B ≤ 0.4 and only a minimal violation at B = 0.5 (total error = 1). Regarding number917

of queries and running time, all methods are extremely fast on this small instance. FairkSub uses a moderate number of queries918

(about 1200–2235), which can be higher than kGreedyIS/kGreedyTS, but the corresponding running times remain negligible in919

absolute terms (on the order of 10−5 seconds). Overall, on kMSP, FairkSub provides a favorable trade-off between objective920

quality and fairness feasibility, while keeping computation lightweight.921



Power BI DesktopIntel Lab(n=55,k=3)

40

60

80

100

120

140

Fairness constraints

Ob
je

ct
ive

 v
al

ue

0.1 0.2 0.3 0.4 0.5

FairGreedy FairkSub kGreedyIS kGreedyTS

Power BI DesktopIntel Lab(n=55,k=3)

0

500

1000

1500

2000

2500

3000

Fairness constraints

Nu
m

be
r o

f q
ue

rie
s

0.1 0.2 0.3 0.4 0.5

FairGreedy FairkSub kGreedyIS kGreedyTS

(a) (b)

Power BI DesktopIntel Lab(n=55,k=3)

0

5

10

15

Fairness constraints

Fa
ir 

er
ro

r

0.1 0.2 0.3 0.4 0.5

FairGreedy FairkSub kGreedyIS kGreedyTS

Power BI DesktopIntel Lab(n=55,k=3)

-0.001

0.000

0.001

Fairness constraints

Ru
nn

in
g 

tim
e

0.1 0.2 0.3 0.4 0.5

FairGreedy FairkSub kGreedyIS kGreedyTS

(c) (d)

Figure 5: Performance of the algorithms for the kMSP application on the IntelLab dataset.
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