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ABSTRACT
In this work, we consider a novel problem of maximizing monotone

𝑘-submodular functions under the individual knapsack constraint

(kSMIK) over the ground set 𝑉 , which has been found numerous

applications in machine learning, including data summarization

and information propagation. We propose an approximation algo-

rithm that has approximation ratio
1−𝜖

2(𝑘+1) and takes𝑂 (𝑛𝑘 log(𝑛)/𝜖)
query complexity, where 𝜖 is an input parameter. Alongside theo-

retical analysis, we conduct extensive experiments on our proposed

algorithm via some applications, such as Influence Maximization

and Sensor Placement. The experimental results demonstrate that

our algorithm gives competitive solution quality with state-of-the-

art techniques but significantly reduces the required queries.

CCS CONCEPTS
• Information systems;

KEYWORDS
Combinatorial Optimization, Approximation Algorithms, Stream-

ing Algorithms, 𝑘-submodular maximization, individual knapsack

constraint.

ACM Reference Format:
Tan D. Tran, Canh V. Pham, and Dung K.T. Ha. 2023. Maximizing a 𝑘-

Submodular Maximization Function under an Individual Knapsack Con-

straint. In The 12th International Symposium on Information and Communica-
tion Technology (SOICT 2023), December 07–08, 2023, Ho Chi Minh, Vietnam.
ACM, New York, NY, USA, 7 pages. https://doi.org/10.1145/3628797.3628843

1 INTRODUCTION
Given a finite ground set 𝑉 and an integer number 𝑘 , we define

[𝑘] = {1, 2, . . . , 𝑘} and (𝑘 + 1)𝑉 = {(𝑉1,𝑉2, . . . ,𝑉𝑘 ) |𝑉𝑖 ⊆ 𝑉 ,∀𝑖 ∈
[𝑘],𝑉𝑖 ∩ 𝑉𝑗 = ∅,∀𝑖 ≠ 𝑗} be a family of 𝑘 disjoint sets, called the
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𝑘-set. A function 𝑓 : (𝑘 + 1)𝑉 ↦→ R+ is 𝑘-submodular iff for any

a = (𝐴1, 𝐴2, . . . , 𝐴𝑘 ) and b = (𝐵1, 𝐵2, . . . , 𝐵𝑘 ) ∈ (𝑘 + 1)𝑉 , we have:

𝑓 (a) + 𝑓 (b) ≥ 𝑓 (a ⊓ b) + 𝑓 (a ⊔ b) (1)

where

a ⊓ b = (𝐴1 ∩ 𝐵1, . . . , 𝐴𝑘 ∩ 𝐵𝑘 )
and

a ⊔ b = (𝐶1, . . . ,𝐶𝑘 ), where 𝐶𝑖 = 𝐴𝑖 ∪ 𝐵𝑖 \ (∪𝑗≠𝑖𝐴 𝑗 ∪ 𝐵 𝑗 )

The problem of maximizing 𝑘-submodular functions has received

significant attention recently due to its wide-range applications in

various fields. For instance, it has been extensively studied in the

context of influence maximization in social networks [15, 16, 21],

information coverage maximization [20], sensor placement [16, 20,

21], and feature selection [24], etc.

Initially, researchers explored the problem without any con-

straints [9, 26]. Some others then focused on adding some types

of constraints such as cardinality constraints [15, 16, 20, 21], knap-

sack constraints [19, 25], and matroid constraints [22, 23]. More-

over, recent research has extended the study beyond total con-

straints to consider individual constraints for each subset or source

𝑖 ∈ [𝑘] [5, 17, 27].
The 𝑘-Submodular Maximization under the Individual Knapsack

constraint (kSMIK) problem is subject to the constraint that each

element 𝑒 ∈ 𝑉 is associated with a positive cost 𝑐 (𝑒) based on its

source 𝑖 out of 𝑘 sources. The problem requires finding a 𝑘-set

s = (𝑆1, 𝑆2, . . . , 𝑆𝑘 ) with a cost 𝑐 (𝑆𝑖 ) =
∑
𝑒∈𝑆𝑖 𝑐 (𝑒) ≤ 𝐵𝑖 ,∀𝑖 ∈ [𝑘],

where 𝐵𝑖 is the budget allocated to source 𝑖 , such that the objective

function 𝑓 (s) is maximized. The problem has broadly applied to

social networks, sensor placement, information coverage, feature

selection, and other related domains listed below:

𝑘-topic influence maximization. In real-world scenarios like

viral marketing and product recommendation, companies aim to

maximize the dissemination of advertisement campaigns involving

𝑘 distinct products through social networks or the Internet. Each

product type incurs a specific cost. Influential users are employed to

share their experiences or interests related to the products, leading

to further information sharing among their followers and connec-

tions. This gradual propagation of product information influences

a significant number of users. The mathematical foundation for

this campaign lies in 𝑘-submodular maximization under a diffusion

model. The model is first proposed by Kempe et al. [10] for a single
influence. Subsequently, authors in [16] extended this model to

accommodate 𝑘 ≥ 2 types of influence, attracting research interest

in 𝑘-topic influence maximization [15, 20, 21].
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𝑘-type sensor placement. Sensor placement is a cover problem

that originated from practical research to collect data from a large

region, such as environmental quality, heat, climate, network traffic,

etc. This data is crucial for forecasting problems. For instance, peo-

ple set up some types of sensors to realize the attributions of energy,

heat, and humidity are common in these applications. In this case,

the scenario is given a 𝑘-type sensor system, a set 𝑉 of potential

locations in which each sensor type is limited with a specific cost

𝐵𝑖 . Once the cost of a sensor type has been fully utilized, other sen-

sors cannot be installed. The allocation of one sensor per location

follows a strategy represented by a 𝑘-tuple of disjoint subsets of 𝑉 .

A plan like the above is frequently by entropy functions, which are

𝑘-submodular. The problem is a constrained 𝑘-submodular maxi-

mization problem with individual knapsack constraints.

Although numerous studies have focused on 𝑘-submodular max-

imization with total cost constraint, somehow, surprisingly, the

problem of maximizing the 𝑘-submodular function under an indi-

vidual knapsack constraint remains unexplored.

1.1 Our contribution
In this paper, we introduce our novel contributions to the field of

the kSMIK problem, a streaming algorithm that achieves a constant

approximation ratio for monotone kSMIK. Our key contributions

are outlined as follows:

• Proposed Algorithm: We propose a Streaming Algorithm

(Algorithm 2 in this work) for kSMIK problem,which achieves

an approximation ratio of
1−𝜖

2(𝑘+1) . The algorithm exhibits a

query complexity of𝑂 (𝑘𝑛 log(𝐵)/𝜖), where 𝜖 > 0 represents

the precision parameter. Notably, our algorithm is the first

deterministic approach to tackle this research problem.

• Experiments: To validate our theoretical contributions, we

conduct a comprehensive series of experiments in two prac-

tical applications: Influence Maximization and Sensor Place-

ment, both relevant to the kSMIK problem. The results high-

light the superior query-saving capabilities experimental of

our algorithm compared to greedy approaches while main-

taining comparable quality performance in terms of solution.

Overall, our contributions advance the understanding and solutions

for the kSMIK problem, providing a novel streaming algorithmwith

approximately constant scaling. Through experimental evaluation,

we demonstrate the practical benefits of our approach, showcasing

its effectiveness in real-world scenarios.

1.2 Organization
The rest of the paper is organized as follows: Section II provides

an overview of the existing literature and discussions. Section III

presents the symbols and properties of 𝑘-submodular functions, the

foundation for our algorithmic design. Section IV presents our pro-

posed algorithm along with its theoretical analysis. Comprehensive

experiments are detailed in Section V, highlighting the performance

of our algorithm in practical applications. Finally, we conclude our

work in Section VI.

2 RELATEDWORK
𝑘-submodular maximizations. Initially, Singh et al. [24] fo-

cused on the specific case of bisubmodular maximization, which

corresponds to 𝑘-submodular maximization with 𝑘 = 2. However,

researchers soon shifted their attention to the general case of 𝑘 .

It is worth noting that for 𝑘 = 1, the problem reduces to submod-

ular maximization, known as NP-hard. Therefore, it follows that

𝑘-submodular maximization is also NP-hard. Ward et al. [26] inves-
tigated the unconstrained maximization of 𝑘-submodular functions

and proposed a Greedy deterministic algorithm with an approxima-

tion ratio of 1/3. In a subsequent study [9], an improved random

Greedy approach was introduced, which achieved an approxima-

tion ratio of
𝑘

2𝑘−1 by incorporating a probability distribution to

select elements with larger marginal gains more frequently. Os-

hima et al. [18] later eliminated the randomness from the previous

method but at the cost of an increased number of queries.

Constrained maximization of 𝑘-submodularity has also been

explored. Oshaka et al. [16] focused on monotone 𝑘-submodular

maximization with cardinal constraints. They proposed a Greedy

algorithm that provided a 1/2-approximation ratio for the case of

total size constraint and a 1/3-approximation ratio for singular

size constraint. In a subsequent work [20], the authors presented a

multi-objective evolutionary algorithm formonotone𝑘-submodular

maximization under the total size constraint. Zheng et al. [28] ad-
dressed the problem of maximizing estimated 𝑘-submodular func-

tions subject to size constraints by introducing an approximated

𝑘-submodular function as a surrogate for the objective function.

Furthermore, researchers have investigated 𝑘-submodular maxi-

mization under more complex constraints. For instance, Sakaue et
al. [23] demonstrated a Greedy algorithm with an approximation

ratio of 1/2 for the problem under a matroid constraint. Another

algorithm utilizing the distinct private continuous Greedy method

was proposed in [22] and also achieved an approximation ratio of

1/2 for the same problem.

Streaming algorithms. Submodularity is a crucial property

in machine learning with practical and theoretical implications.

Nemhauser et al. [14] highlighted its significance and demonstrated

the effectiveness of Greedy algorithms for submodular set functions.

However, the direct application of Greedy algorithms becomes

challenging in the era of big data, where data may not fit in memory

and random access is not feasible.

To tackle this challenge, researchers have turned to streaming al-

gorithms that operate on small portions of data stored in memory at

a time. The concept of streaming algorithmswas initially introduced

by Alon et al. [1]. The streaming algorithms enable accessing the in-

put data in a single pass, limiting the usage to a small, fixed amount

of memory known as space complexity. This approach is particu-

larly well-suited for scenarios where the data must be processed in

just one or a few passes and when the data is presented as a contin-

uous stream. Streaming algorithms offer the advantage of reducing

memory requirements and enabling real-time analytics. They have

proven to be valuable in solving submodular maximization prob-

lems under various constraints, including cardinality [2, 6, 11, 12],

knapsack [8], 𝑘-set [7], and matroid [4] constraints. Nevertheless,

applying streaming algorithms to𝑘-submodular maximization prob-

lems is not straightforward due to the inherent differences between

submodularity and 𝑘-submodularity.

For 𝑘-submodular objective functions, the algorithms presented

in [9, 26] are designed as single-pass streaming algorithms. The
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approach in [9] involves random selection, and subsequent works

have improved upon it by introducing new element selection dis-

tributions based on different costs and establishing relationships

between the current and optimal solutions.

Nguyen et al. [21] were the first to propose streaming algorithms

for 𝑘-submodular maximization subject to the total size constraint

with noises. They introduced two streaming algorithms that achieve

approximation ratios of𝑂 (𝜖 (1−𝜖)−2𝐵) for monotone functions and

𝑂 (𝜖 (1 − 𝜖)−3𝐵) for non-monotone functions. More recently, Pham

et al. [19] developed two single-pass streaming algorithms for 𝑘-

submodular maximization under the budget constraint, with a com-

plexity of 𝑂 (𝑛𝑘 log(𝑛)/𝜖). Notably, these algorithms can achieve

approximation ratios of 1/4 − 𝜖 and 𝑘/(4𝑘 − 1) − 𝜖 (in expectation),

where kSMIK represents a special case of the algorithm with 𝛽 = 1.

In our view, no prior research has specifically addressed the prob-

lem of 𝑘-Submodular Maximization under an Individual Knapsack

Constraint. This indicates a significant gap in the current literature

and highlights the need for further exploration and development

of new algorithms and methodologies. Future research endeavors

should focus on investigating this problem, both theoretically and

practically, and devising efficient approaches to obtain optimal or

approximate solutions. Bridging this research gap will contribute to

advancing the field of 𝑘-submodular optimization and addressing

real-world problems that involve individual knapsack constraints.

3 PRELIMINARIES
Notations. We use the following notations throughout the paper:

Given a finite set 𝑉 and an integer 𝑘 > 0, as mentioned above, the

definitions of [𝑘] and (𝑘 + 1)𝑉 have been referred to in Section I.

We define 𝑠𝑢𝑝𝑝𝑖 (s) = 𝑆𝑖 , 𝑠𝑢𝑝𝑝 (s) = ∪𝑖∈[𝑘 ]𝑆𝑖 , 𝑆𝑖 as 𝑖-th set of s
and an empty 𝑘-set 0 = (∅, . . . , ∅).

For a = (𝐴1, 𝐴2, . . . , 𝐴𝑘 ), b = (𝐵1, 𝐵2, . . . , 𝐵𝑘 ) ∈ (𝑘 + 1)𝑉 , we set
if 𝑒 ∈ 𝐴𝑖 then a(𝑒) = 𝑖 and 𝑖 is called the position of 𝑒 , otherwise

a(𝑒) = 0. Adding an element 𝑒 ∉ 𝑠𝑢𝑝𝑝 (a) into𝐴𝑖 can be represented

by a ⊔ (𝑒, 𝑖). When 𝐴𝑖 = {𝑒}, and 𝐴 𝑗 = ∅,∀𝑗 ≠ 𝑖 , a is denoted by

(𝑒, 𝑖). We denote by a ⊑ b iff 𝐴𝑖 ⊆ 𝐵𝑖 ∀𝑖 ∈ [𝑘].
The objective function. The function 𝑓 : (𝑘 + 1)𝑉 ↦→ R+ is 𝑘-

submodular iff for any a = (𝐴1, 𝐴2, . . . , 𝐴𝑘 ) and b = (𝐵1, 𝐵2, . . . , 𝐵𝑘 )
∈ (𝑘 + 1)𝑉 , we have:

𝑓 (a) + 𝑓 (b) ≥ 𝑓 (a ⊓ b) + 𝑓 (a ⊔ b) (2)

where

a ⊓ b = (𝐴1 ∩ 𝐵1, . . . , 𝐴𝑘 ∩ 𝐵𝑘 )
and

a ⊔ b = (𝐶1, . . . ,𝐶𝑘 ), where 𝐶𝑖 = 𝐴𝑖 ∪ 𝐵𝑖 \ (∪𝑗≠𝑖𝐴 𝑗 ∪ 𝐵 𝑗 )

In this work, we consider 𝑓 ismonotone, i.e., for any a ∈ (𝑘+1)𝑉 , 𝑒 ∉
𝑠𝑢𝑝𝑝 (a) and 𝑖 ∈ [𝑘], we have the marginal gain when adding a

tuple (𝑒, 𝑖) in to a set a:

Δ(𝑒,𝑖 ) 𝑓 (a) =𝑓 (𝐴1, . . . , 𝐴𝑖−1, 𝐴𝑖 ∪ {𝑒}, 𝐴𝑖+1, . . . , 𝐴𝑘 )
− 𝑓 (𝐴1, . . . , 𝐴𝑘 ) ≥ 0

In theory, it is assumed to exist an oracle query meaning the query

for the 𝑘-set x returns the value 𝑓 (x), and 𝑓 is normalized, i.e.,

𝑓 (0) = 0.

From [26], the 𝑘-submodularity of 𝑓 implies the orthant submod-
ularity, i.e.,

Δ(𝑒,𝑖 ) 𝑓 (a) ≥ Δ(𝑒,𝑖 ) 𝑓 (b) (3)

for any a, b ∈ (𝑘 + 1)𝑉 , 𝑒 ∉ 𝑠𝑢𝑝𝑝 (a), a ⊑ b and 𝑖 ∈ [𝑘]; and the

pairwise monotonicity, i.e, for any 𝑖, 𝑗 ∈ [𝑘], 𝑖 ≠ 𝑗 :

Δ(𝑒,𝑖 ) 𝑓 (a) + Δ(𝑒,𝑗 ) 𝑓 (a) ≥ 0 (4)

In this problem, we assume that each element 𝑒 ∈ 𝑉 is associated

with a positive cost 𝑐 (𝑒) and the total cost of a 𝑘-set x for position 𝑖

defined as 𝑐𝑖 (x) =
∑
𝑒∈𝑠𝑢𝑝𝑝𝑖 (x) 𝑐 (𝑒). We assume that each position

𝑖 ∈ [𝑘] has a limited budget 𝐵𝑖 > 0 and for any element 𝑒 , 𝑐 (𝑒) ≤ 𝐵

otherwise, we can remove it, where 𝐵 =
∑𝑘
𝑖=1 𝐵𝑖 .

The 𝑘-Submodular Maximization under the Individual
Knapsack constraint (kSMIK) problem is to find a 𝑘-set s =

(𝑆1, 𝑆2, ..., 𝑆𝑘 ) satisfying 𝑐𝑖 (s) ≤ 𝐵𝑖 ,∀𝑖 ∈ [𝑘] such that the objective

function 𝑓 (s) is maximized.

We denote opt as an optimal solution for the problem.

4 PROPOSED ALGORITHMS
This section presents a streaming algorithm for the kSMIK prob-

lem. We first introduce the simple version of our algorithm named

Streaming Algorithm with knowing opt (SAO), which assumes the

knowledge of the optimal solution. Building upon SAO, we propose

Streaming Algorithm (SA) with an approximation ratio of
1−𝜖

2(𝑘+1)
within 𝑂 (𝑛𝑘 log(𝑛)) query complexity.

4.1 Streaming Algorithm with knowing opt
(SAO)

Our algorithm follows a two-loop approach. In the first loop, we

iterate through each incoming element and identify the “best" posi-

tion within the 𝑘 subsets based on the highest value of 𝑓 ((𝑒, 𝑖𝑒 )).
If the condition Δ(𝑒, 𝑖𝑒 ) 𝑓 (𝑠) ≤ 𝑐 (𝑒)𝛼𝑣/𝐵 holds and the budget con-

straint 𝑐 (𝑒) + 𝑐𝑖𝑒 (s) ≤ 𝐵𝑖𝑒 is satisfied, we add the pair (𝑒, 𝑖𝑒 ) to the

candidate solution s, where 𝛼 is a real number parameter. Once the

first loop completes, we proceed to the second loop. Here, for every

element 𝑒 that has not been included in set 𝑠𝑢𝑝𝑝 (s), we search for an
index 𝑖𝑒 that maximizes the performance metric Δ(𝑒,𝑖𝑒 ) 𝑓 (s) while
ensuring the condition 𝑐𝑖𝑒 (s) + 𝑐 (𝑒) ≤ 𝐵𝑖𝑒 is satisfied. Ultimately,

the algorithm returns the final solution s′, which is the better one

between (𝑒𝑚𝑎𝑥 , 𝑖𝑚𝑎𝑥 ) and s. For a comprehensive overview of the

algorithm’s steps, refer to Algorithm 1.

In the following, we analyze the theoretical guarantee of the

Algorithm 1. We first define the notations as follows:

• o is an optimal solution of the problem over 𝑉 and the opti-

mal value opt = 𝑓 (o).
• s𝑡 = {(𝑒1, 𝑖1), . . . , (𝑒𝑡 , 𝑖𝑡 )} the 𝑘-set s after ending the main

loop, 𝑡 = |𝑠𝑢𝑝𝑝 (s𝑡 ) |.
• o𝑗 = (o ⊔ s𝑗 ) ⊔ s𝑗 .
• 𝑣 is a guessing value of opt, thus: (1 − 𝜖)opt ≤ 𝑣 ≤ opt

The following Lemmata are crucial for analyzing the theoretical

bounds of the obtained solution.

Lemma 1. 𝑓 (o) − 𝑓 (o𝑗 ) ≤ 𝑓 (s𝑗 ) for all 0 ≤ 𝑗 ≤ 𝑡 .
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Algorithm 1: Streaming Algorithm with knowing opt

Input: 𝑉 , 𝑓 , 𝑘 , 𝐵1, 𝐵2, . . . , 𝐵𝑘 , an approximate value 𝑣 of opt
such that (1 − 𝜖)opt ≤ 𝑣 ≤ opt, parameter 𝛼 .

Output: A solution s.
1: s← ∅.
2: (𝑒𝑚𝑎𝑥 , 𝑖𝑚𝑎𝑥 ) ← argmax𝑒∈𝑉 ,𝑖∈[𝑘 ] : 𝑐 (𝑒 )≤𝐵𝑖

𝑓 ((𝑒, 𝑖))
3: foreach 𝑒 ∈ 𝑉 do
4: 𝑖𝑒 ← argmax𝑖∈[𝑘 ] 𝑓 ((𝑒, 𝑖))
5: if 𝑐 (𝑒) + 𝑐𝑖𝑒 (s) ≤ 𝐵𝑖𝑒 then
6: if Δ(𝑒,𝑖𝑒 ) 𝑓 (s) ≥

𝑐 (𝑒 )𝛼𝑣
𝐵𝑖

then
7: s← s ⊔ (𝑒, 𝑖𝑒 )
8: 𝑐𝑖𝑒 (s)+ = 𝑐 (𝑒)
9: end
10: end
11: end
12: foreach 𝑒 ∈ 𝑉 \ 𝑠𝑢𝑝𝑝 (s) do
13: 𝑖𝑒 ← argmax𝑖∈[𝑘 ],𝑐𝑖 (𝑠 )+𝑐 (𝑒 )≤𝐵𝑖

Δ(𝑒,𝑖 ) 𝑓 (s)
14: s← s ⊔ (𝑒, 𝑖𝑒 )
15: end
16: s← argmaxs′∈{ (𝑒𝑚𝑎𝑥 ,𝑖𝑚𝑎𝑥 ),s} 𝑓 (s′)
17: return s

Proof. We have: o0 = (o ⊔ s0) ⊔ s0. Hence, 𝑓 (o) = 𝑓 (o0). For
all 0 ≤ 𝑗 ≤ 𝑡 , we have:

𝑓 (o) − 𝑓 (o𝑗 ) =
𝑗∑︁

𝑖=1

(𝑓 (o𝑖−1) − 𝑓 (o𝑖 )) (5)

≤
𝑗∑︁

𝑖=1

(𝑓 (o𝑖−1) − 𝑓 (o𝑖−1/2)) (6)

≤
𝑗∑︁

𝑖=1

(𝑓 (s𝑖−1/2) − 𝑓 (s𝑖−1)) (7)

≤
𝑗∑︁

𝑖=1

(𝑓 (s𝑖 ) − 𝑓 (s𝑖−1)) (8)

≤ 𝑓 (s𝑗 ) (9)

where the inequality (6) is due to the monotoncity of 𝑓 , the inequal-

ity (7) is due to the 𝑘-submodularity of 𝑓 and the inequality (8) is

due to the selection of the algorithm. The proof is completed. □

Lemma 2. After ending the first loop, if for any 𝑒 ∈ 𝑠𝑢𝑝𝑝 (o) \
𝑠𝑢𝑝𝑝 (s𝑡 ) and 𝑖 ∈ [𝑘] satisfying 𝑐𝑖 (s) +𝑐 (𝑒) > 𝐵𝑖 , then Δ(𝑒,𝑖 ) 𝑓 (s𝑡 ) >
𝑐 (𝑒)𝛼𝑣 . We have: 𝑓 (s) ≥ 𝑣 (1 − 𝛼𝑘)/2

Proof. We first have:

𝑓 (o𝑡 ) − 𝑓 (s𝑡 ) ≤
∑︁

𝑒∈𝑠𝑢𝑝𝑝 (o)\𝑠𝑢𝑝𝑝 (s)
Δ(𝑒,o(𝑒 ) ) 𝑓 (s𝑡 ) (10)

=

𝑘∑︁
𝑖=1

∑︁
𝑒∈𝑠𝑢𝑝𝑝 (o)\𝑠𝑢𝑝𝑝 (s),o(𝑒 )=𝑖

Δ(𝑒,o(𝑒 ) ) 𝑓 (s𝑡 ) (11)

≤
𝑘∑︁
𝑖=1

(𝑐𝑖 (o)𝛼𝑣)/𝐵𝑖 ) (12)

≤
𝑘∑︁
𝑖=1

((𝐵𝑖𝛼𝑣)/𝐵𝑖 ) (13)

≤ 𝑘𝛼𝑣 (14)

where the inequality (10) is due to the 𝑘-submodularity of 𝑓 , the

inequality (12) is due to the given condition in the Lemma. In the

other hand, By applying Lemma 1, we have

𝑣 − 𝑓 (s𝑡 ) ≤ 𝑓 (o) − 𝑓 (s𝑡 ) (15)

= 𝑓 (o) − 𝑓 (o𝑡 ) + 𝑓 (o𝑡 ) − 𝑓 (s𝑡 ) (16)

≤ 𝑓 (s𝑡 ) + 𝑘𝛼𝑣 (17)

which implies that 𝑓 (s𝑡 ) ≥ 𝑣 (1−𝛼𝑘)/2. The proof is completed. □

Lemma 3. If there exists an element 𝑒 ∈ 𝑠𝑢𝑝𝑝 (o) \ 𝑠𝑢𝑝𝑝 (s𝑡 ) and
an integer 𝑖 ∈ [𝑘] so that 𝑐𝑖 (s𝑡 ) + 𝑐 (𝑒) > 𝐵𝑖 and Δ(𝑒,𝑖 ) 𝑓 (s𝑡 ) ≥
𝑐 (𝑒)𝛼𝑣/𝐵𝑖 , then 𝑓 (s) ≥ 𝛼𝑣/2.

Proof. Δ(𝑒,𝑖 ) 𝑓 (s𝑡 ) ≥ 𝑐 (𝑒)𝛼𝑣/𝐵𝑖 implies:

𝑓 (s ⊔ (𝑒, 𝑖)) − 𝑓 (s𝑡 ) ≥ 𝑐 (𝑒)𝛼𝑣/𝐵𝑖 (18)

=⇒𝑓 (s𝑡 ⊔ (𝑒, 𝑖)) ≥ 𝑓 (s𝑡 ) + 𝑐 (𝑒)𝛼𝑣
𝐵𝑖

(19)

≥ 𝑐𝑖 (s𝑡 )
𝐵𝑖
+ 𝑐 (𝑒)𝛼𝑣

𝐵𝑖
(20)

≥ (𝑐𝑖 (s
𝑡 ) + 𝑐 (𝑒))𝛼𝑣
𝐵𝑖

(21)

≥ 𝛼𝑣 (22)

where inequality (20) is due to the selection of the algorithm. Recall

(𝑒𝑚, 𝑖𝑚) = argmax𝑒∈𝑉 ,𝑖∈[𝑘 ] 𝑓 ((𝑒, 𝑖)), we have:

𝑓 (s) ≥max{𝑓 (s𝑡 ), 𝑓 ((𝑒𝑚, 𝑖𝑚))} ≥
𝑓 (s𝑡 ) + 𝑓 ((𝑒𝑚, 𝑖𝑚))

2

(23)

≥ 𝑓 (s𝑡 ) + 𝑓 ((𝑒, 𝑖))
2

≥ 𝑓 (s𝑡 ⊔ (𝑒, 𝑖))
2

(24)

≥ 𝛼𝑣

2

(25)

where inequality (25) is due to (22). The proof is completed. □

4.2 Streaming Algorithm (SA)
The primary goal of the SAO algorithm is to establish a theo-

retical framework for identifying the range of the optimal solu-

tion. Building upon this range, the SA algorithm aims to approx-

imate a solution for the kSMIK problem. The defined range is

𝑀 ≤ (1 + 𝜖) 𝑗 ≤ 𝑀𝐵, with 𝑀 representing the optimal value of

𝑓 (𝑒𝑚𝑎𝑥 , 𝑖𝑚𝑎𝑥 ) and 𝑓 (𝑒, 𝑖𝑒 ). Within each specific range from 𝑀 to

59



Maximizing a 𝑘-Submodular Maximization Function under an Individual Knapsack Constraint SOICT 2023, December 07–08, 2023, Ho Chi Minh, Vietnam

𝑀𝐵, the algorithm determines whether to include the element 𝑒 in

the solution, mirroring the process in the Algorithm 2.

Algorithm 2: Streaming Algorithm

Input: 𝑉 , 𝑓 , 𝑘 , 𝛼 , 𝐵1, 𝐵2, . . . , 𝐵𝑘 | 𝐵𝑖 ≥ 1(∀𝑖 ∈ [𝑘]).
Output: A solution s

1: 𝑀 ← 0, (𝑒𝑚𝑎𝑥 , 𝑖𝑚𝑎𝑥 ) ← ∅
2: foreach 𝑒 ∈ 𝑉 do
3: 𝑖𝑒 ← argmax𝑖∈[𝑘 ] 𝑓 ((𝑒, 𝑖))
4: (𝑒𝑚𝑎𝑥 , 𝑖𝑚𝑎𝑥 ) ← argmaxx∈{ (𝑒,𝑖𝑒 ),(𝑒𝑚𝑎𝑥 ,𝑖𝑚𝑎𝑥 ) } 𝑓 (x)
5: 𝑀 ← 𝑓 (x)
6: 𝑂 ← {𝑣 = (1 + 𝜖) 𝑗 : 𝑀 ≤ (1 + 𝜖) 𝑗 ≤ 𝐵𝑀}
7: foreach 𝑣 ∈ 𝑂 do
8: 𝑖𝑣 ← argmax𝑖∈[𝑘 ],𝑐𝑖 (s𝑣 )+𝑐 (𝑒 )≤𝐵𝑖

Δ(𝑒,𝑖 ) 𝑓 (s𝑣)
9: if Δ(𝑒,𝑖𝑣 ) 𝑓 (s𝑣) ≥ 𝑐 (𝑒)𝛼𝑣/𝐵𝑖 then
10: s𝑣 ← s𝑣 ⊔ (𝑒, 𝑖𝑣)
11: 𝑐𝑖𝑣 (𝑠𝑣)+ = 𝑐 (𝑒)
12: end
13: end
14: end
15: foreach 𝑣 ∈ 𝑂 do
16: foreach 𝑒 ∈ 𝑉 \ 𝑠𝑢𝑝𝑝 (s𝑣) do
17: 𝑖𝑒 ← argmax𝑖∈[𝑘 ],𝑐𝑖 (𝑠𝑣 )+𝑐 (𝑒 )≤𝐵𝑖

Δ(𝑒,𝑖 ) 𝑓 (s𝑣)
18: s𝑣 ← s𝑣 ⊔ (𝑒, 𝑖𝑒 )
19: 𝑐𝑖𝑒 (𝑠𝑣)+ = 𝑐 (𝑒)
20: end
21: end
22: s← argmaxx∈{ (𝑒𝑚𝑎𝑥 ,𝑖𝑚𝑎𝑥 ),s𝑣 :𝑣∈𝑂 } 𝑓 (x)
23: return s

Theorem 1. For 𝑓 is monotone and 𝛼 = 1/(𝑘 + 1), Algorithm 2
returns an approximation ratio of 1−𝜖

2(𝑘+1) and query complexity is
𝑂 (𝑛𝑘𝑙𝑜𝑔𝐵/𝜖).

Proof. The Algorithm 2 consists of two main loops. The first

loop (outer loop) scans once over the ground set𝑉 . For each element

𝑒 , it takes |𝑂 |𝑘 queries to 𝑓 . Therefore, the number of queries is at

most

𝑛𝑘 |𝑂 | = 𝑛𝑘 log
1+𝜖 𝐵 ≤

𝑛𝑘

𝜖
log(𝐵) (26)

We now show the approximation ratio of the algorithm. Since

𝑀opt ≤ 𝐵𝑀 , there exists 𝑣 = (1 + 𝜖) 𝑗 satisfying

(1 − 𝜖)opt ≤ opt
1 + 𝜖 ≤ 𝑣 ≤ opt (27)

Therefore, we apply Lemmata 2, 3 in two following cases:

Case 1. After ending the first loop, if for any 𝑒 ∈ 𝑠𝑢𝑝𝑝 (o) \𝑠𝑢𝑝𝑝 (s)
and 𝑖 ∈ [𝑘] so that 𝑐𝑖 (s) + 𝑐 (𝑒) > 𝐵𝑖 , then Δ(𝑒,𝑖 ) 𝑓 (s) < 𝑐 (𝑒)𝛼𝑣 . By
Lemma 2 and 𝛼 = 1

𝑘+1 , we have:

𝑓 (s) ≥ 𝑓 (s𝑡 ) ≥ 𝑣

2(𝑘 + 1) =
opt(1 − 𝜖)
2(𝑘 + 1) (28)

Case 2. If there exists an element 𝑒 ∈ 𝑠𝑢𝑝𝑝 (o) \ 𝑠𝑢𝑝𝑝 (s) and an

integer 𝑖 ∈ [𝑘] so that 𝑐𝑖 (s) + 𝑐 (𝑒) > 𝐵𝑖 and Δ(𝑒,𝑖 ) 𝑓 (s) ≥ 𝑐 (𝑒)𝛼𝑣 .

By Lemma 3 and 𝛼 = 1

𝑘+1 , we also get 𝑓 (s) ≥ 𝑓 (s𝑡 ) ≥ 𝑣
2(𝑘+1) ≥

opt(1−𝜖 )
2(𝑘+1) . The proof can be obtained by combining the two cases

mentioned above. □

Algorithm 3: Greedy Algorithm

Input: 𝑉 , 𝑓 , 𝑘 , 𝐵1, 𝐵2, ..., 𝐵𝑘 | 𝐵𝑖 ≥ 1(∀𝑖 ∈ [𝑘]).
Output: A solution s

1: s← ∅;
2: while 𝑉 ≠ ∅ do
3: (𝑒𝑚, 𝑖𝑚) ← argmax𝑒∈𝑉 ,𝑖∈[𝑘 ]:(𝑐𝑖 (s)+𝑐 (𝑒 )≤𝐵𝑖 )

Δ(𝑒,𝑖 ) 𝑓 (s)
𝑐𝑒

;

4: if (𝑒𝑚, 𝑖𝑚) = ∅ then
5: break;

6: end
7: s← s ⊔ (𝑒𝑚, 𝑖𝑚);
8: 𝑉 ← 𝑉 \ 𝑒𝑚 ;

9: end

5 EXPERIMENTS
In this section, we present a comparative analysis of our algo-

rithm and Algorithm 3 (Greedy) for the monotone kSMIK problem.

As mentioned previously, no prior work has specifically addressed

the kSMIK problem, so we developed a simple greedy algorithm

for comparison. The greedy algorithm iteratively selects the ele-

ment with the highest marginal gain to add to the solution at each

step. We evaluate their performance on two specific applications: 𝑘-

topic Influence Maximization under Individual Knapsack constraint

(kIMIK) and 𝑘-type Sensor Placement under Individual Knapsack

constraint (kSPIK). Our evaluation focuses on two key metrics: the

oracle value of the objective function and the number of queries.

We utilize the dataset mentioned in [15] to provide a comprehensive

illustration of the performance of the compared algorithms. In all

experiments, 𝜖 is set to 0.1. Additionally, without loss of generality,

we have assumed that the budgets 𝐵1, 𝐵2, . . . , 𝐵𝑘 are set to be the

same.

Table 1: The dataset

Database #Nodes #Edges Types
Facebook [13] 4039 88234 directed

Intel Lab sensors[3] 56 - -

5.1 Experiment results
The objective values according to each budget were calculated, and

the resulting data is presented in Figure 1 and Figure 2, effectively

illustrating the experimental findings. Figure 1 illustrates the Al-

gorithm results for kIMIK on the Facebook dataset, while Figure 2

showcases the Algorithm results for kSPIK on the Intel Lab Dataset.

These results demonstrate that the SA algorithm outperforms the

GREEDY algorithm in achieving higher objective values, indicating

its superior performance in optimizing the given objective func-

tion for the kSMIK problem on the Facebook dataset (Figure 1(a)).
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Figure 1: Algorithm results for kIMIK on Facebook: (a) The
objective values, (b) The number of queries.

Additionally, for the GREEDY algorithm, the objective function

values increase rapidly when the value of 𝐵 is small. Still, as the

value of 𝐵 increases, the objective function values increase only

slightly and tend to plateau. In contrast, with our SA algorithm, the

objective function values also increase correspondingly as the value

of 𝐵 increases. However, it is important to note that our proposed

algorithm requires nearly thrice as many queries as the GREEDY

algorithm (Figure 1(b)). On the other hand, when considering the

kSPIK problem on the Intel Lab dataset (Figure 2(b)), our proposed

algorithm exhibits almost twice the speed compared to Greedy. It

is worth mentioning that the objective functions of SA and Greedy

are very similar (Figure 2(b)). For this case, the objective values of

the SA and GREEDY algorithms have the same increasing trend

and correspond to the value of 𝐵.

Overall, based on the experiment, our proposed algorithms are

described as superior to the Greedy algorithm.

6 CONCLUSION
In conclusion, this paper has presented a streaming algorithm for

maximizing a 𝑘-submodular function under an individual knapsack

constraint in the monotone case. The algorithm achieves an approx-

imation ratio of approximately (1 − 𝜖)/(2(𝑘 + 1)) with the query
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Figure 2: Algorithm results for kSPIK on Intel Lab: (a) The
objective values, (b) The number of queries.

complexity of 𝑂 (𝑘𝑛 log𝐵/𝜖). The main approach employed is to

restrict the range of optimal solutions.

To assess the practical performance of our algorithms, experi-

ments were conducted on two applications: Influence Maximization

and Sensor Placement. The experimental results demonstrate that

our algorithms not only meet the quality requirements of solutions

but also significantly reduce the number of queries compared to the

greedy algorithm. Nevertheless, there remain open questions that

serve as motivation for future research. These include improving

the approximation ratio of approximate algorithms and addressing

the linear query complexity for the non-monotone kSMIK problem.

In summary, the proposed algorithms offer efficient and effec-

tive solutions for maximizing 𝑘-submodular functions under an

individual knapsack constraint. Future efforts will be directed to-

ward refining these algorithms and tackling the remaining research

challenges.
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