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Abstract

This work studies the non-monotone DR-submodular Maximization over a ground
set of n subject to a size constraint k. We propose two approximation algorithms
for solving this problem named FastDrSub and FastDrSub+. FastDrSub offers an
approximation ratio of 0.044 with query complexity of O(nlog(k)). The second
one, FastDrSub+ improves upon it with a ratio of 1/4 — € within query complex-
ity of (nlogk) for an input parameter ¢ > 0. Therefore, our proposed algorithms
are the first constant-ratio approximation algorithms for the problem with the low
complexity of O(nlog(k)). Additionally, both algorithms are experimentally evalu-
ated and compared against existing state-of-the-art methods, demonstrating their
effectiveness in solving the Revenue Maximization problem with DR-submodular
objective function. The experimental results show that our proposed algorithms
significantly outperform existing approaches in terms of both query complexity and
solution quality.

Keywords Approximation algorithm - Submodular - DR-submodular - Integer
lattice - Size constraint

1 Introduction

Submodular optimization problems have emerged in a wide range of applications,
particularly in machine learning (Bach 2013; Das and Kempe 2018; Prajapat et al.
2024), data mining (Parambath et al. 2018; Lin and Bilmes 2011), and combinato-
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rial optimization (Vondrak 2008; Pham et al. 2019; Kuhnle et al. 2017). Numerous
applications related to influence propagation in social networks (Kuhnle et al. 2017,
Crawford et al. 2019; Pham et al. 2019, 2021; Kuhnle et al. 2018; Goyal et al. 2013),
budget allocation (Soma and Yoshida 2015), recommendation systems (Guillory and
Bilmes 2011), data summarization (Mirzasoleiman et al. 2015), and active set selec-
tion (Norouzi-Fard et al. 2016) can all be framed as Submodular Maximization prob-
lems. A set function f : 2%+ R, defined on all subsets of a ground set E size n, is
submodular iff it satisfies the diminishing return property, i.e., for X C Y C E, and
an element e € Y, we have:

F(XU{e}) = F(X) = f(Y U{e}) - f(Y).

The Submodular Maximization problem has been studied under various constraints,
including unconstrained (Feige et al. 2011), size constraint (Nemhauser et al. 1978),
knapsack constraint (Sviridenko 2004), matroid constraint (Calinescu et al. 2007),
etc. Nevertheless, the traditional submodular set function falls short in addressing
specific real-world scenarios that permit multiple instances of an element from the
ground set to be selected. To address this limitation, Soma and Yoshida (2015) pro-
posed an extension of the function fto the integer lattice Z , introducing a generalized
form of submodularity in this context, termed diminishing return submodular (DR-
submodular). For a vector x € Z¥, denote by x(e) the value of x’s coordinate corre-
sponding to an element e. For x,y € Z¥, we say thatx < y iff x(e) < y(e),Ve € E.
The function f : Zf — R is diminishing return submodular (DR-submodular) on
integer lattice if:

fx+6Le) = f(x) = fly + 1) — f(y)

for x,y € ZJEF, x <'y. In this work, we consider the DR-submodular Maximization
under Size constraint (DrSMC) problem, defined as follows:

Definition 1 (DrSMC problem) Given a DR-submodular function f : Z¥ — Ry, a
bounded lattice B, and a positive integer k£ > 0. The problem asks to find x < B with
the total size ||x||; < k such that f(x) is maximized, i.e,

max  f(x) subject to: [x|1<k0<x<B 1
xEZE ( )

where B=B-1 and |x||; =) .y x(e). Without loss of generality, we set
B =k - 1. The integer lattice can be represented as a multiset of size O(nk), allow-
ing the direct adaptation of existing algorithms for the Submodular Maximization
under a size constraint (DrSMC) problem. However, the fastest known algorithm
for DrSMC, proposed by Buchbinder et al. (2014), requires {2(nk) oracle queries to
evaluate the function f, which is not polynomial in the size of the input. Importantly,
since k is an integer and can be encoded using only O(log k) bits, any algorithm with
complexity O(poly(k)) is not necessarily polynomial in the input size. In this setting,
we assume access to a value oracle that returns f(x) when queried with a multiset x.
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Recently, Ene and Nguyen (2016) proposed a reduction technique that transforms
the problem of optimizing DR-submodular functions into a standard submodular
maximization problem, thereby enabling the application of well-established results
in submodular optimization. Specifically, the DrSMC problem, after applying the
reduction (Ene and Nguyen 2016), can be transformed into the following submodular
maximization problem under a knapsack constraint:

smg%x/ g(S) subject to: ¢(S) <k, @)
where E' = | cp{(e,j) : j € [te]} is the new ground set obtained by decomposing
each integer variable x(e) into a sum of smaller weights a. ; < ¢k. Each a. ; rep-
resents a small positive integer weight used to decompose the integer variable x(e)
into a sum of binary variables, ensuring that any value in the range [0, B.] can be
expressed as a subset sum of {a. ; };;1. The submodular function g(S) is defined as

9(8) == f(x), where x(e) = }_,., j)es Qe,j for all e € E, and the cost function is
c(S) = 32(c j)es Ge,j- As a result of the reduction, the size of the new search space

becomes O(n log k) instead of O(n) as in the original DR-submodular problem. One
can apply the best-known approximation ratio, together with efficient practical algo-
rithms for the submodular knapsack problem, as established in Pham et al. (2023),
Han et al. (2021), to obtain a ratio of 1/4 — e. However, a weakness randomized
algorithms is that they only keep the ratio in expectation and the experimental results
for real-world dataset may be unstable. In contrast, recent studies have demonstrated
that deterministic algorithms often yield superior empirical performance, primarily
due to their stability across diverse datasets (Kuhnle 2021; Chen and Kuhnle 2023;
Han et al. 2020; Li et al. 2022). Moreover, as data scales to massive sizes, it becomes
increasingly important to design approximation algorithms for DRSC that minimize
oracle queries to ensure computational efficiency.

These observations raise two important research questions: (1) Can we design new
algorithms that achieve a comparable approximation ratio while improving the oracle
query complexity, thereby enhancing the practical efficiency of the reduction frame-
work? (2) Is it possible to develop a deterministic algorithm for the DR-submodular
maximization problem under a size constraint with an approximation guarantee com-
parable to the current randomized methods? Addressing these questions would not
only improve the computational performance of DR-submodular optimization on
large-scale instances but also advance the theoretical understanding of submodular
maximization over the integer lattice.

1.1 Our contributions and techniques

In this work, we try to address the above two questions. Our main contributions are
as follows:

—  We propose two algorithms: FastDrSub achieves an approximation ratio of 0.044
with a query complexity of O(nlog(k)), and FastDrSub+ achieves an approxi-
mation ratio of + — e with a query complexity of O (2 log (%)) for the DrSMC
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problem. Although the best-known theoretical approximation ratio is 0.401
(Buchbinder and Feldman 2024), the corresponding algorithm has polynomial
complexity and is therefore impractical. Compared with the fastest near-linear
algorithms (Pham et al. 2023; Han et al. 2021), which rely on randomness, our
approach achieves a similar complexity but remains deterministic. To the best of
our knowledge, this is the first deterministic algorithm that achieves the strong-
est known approximation ratio in the near-linear time setting (for details, see
Table 1).

—  We perform comprehensive experiments on Revenue Maximization benchmarks,
demonstrating that our algorithms attain solution quality comparable to the cur-
rent state of the art while requiring fewer oracle queries.

To attain constant-factor approximation guarantees within O(nlogk) query com-
plexity, we introduce a novel combinatorial algorithmic framework comprising two
key phases: (1) In the first phase, we partition the solution space into two subspaces—
one consisting of elements whose cardinality does not exceed «k for o € (0,1), and
the other containing the remaining elements. We then compute near-optimal solutions
independently within each subspace and strategically merge them to obtain a uni-
fied solution that achieves a constant approximation ratio of 0.044 (FastDrSub Algo-
rithm). (2) In the second phase, we enhance the approximation ratio to nearly 1/4 via
the FastDrSub+ algorithm. This improvement leverages the output of FastDrSub and
employs a carefully designed greedy thresholding technique to sequentially construct
two candidate solutions. The construction is guided by the structural properties of
two auxiliary vectors, x and y, which satisfy the condition min{x(e),y(e)} = 0 for
all e € V, as formalized in Lemma 1.

1.2 Organization
This paper is organized as follows: The Related Works Sect. 2 presents previous

research and existing methods. The Preliminaries Sect. 3 provides the basic concepts
and theoretical foundations necessary for understanding the proposed algorithms.

Table 1 We compare several algorithms for the maximization of a non-monotone DR-submodular function
under a size constraint

References Approx. Factor Query complexity Type
RLA (Pham et al. 2023) i —€ o (g log(k) log(l)) Randomized
+ Reduction (Ene and Nguyen 2016) € €

1 ) .
SMKRANACC (Han et al. 2021) T o (% log(k) log(%)) Randomized
+ Reduction (Ene and Nguyen 2016)
FastDrSub (this paper) 0.044 O(nlogk) Deterministic
FastDrSub+ (this paper) % —€ O(2 log($) log(k)) Deterministic

Each algorithm is evaluated by its approximation guarantee and the number of oracle queries required.
Let € > 0 denote the accuracy parameter, & the size budget, and ||b||cc = k the maximum coordinate
bound. In particular, the oracle complexities of RLA and SMKRANACC have been rederived using the
reduction framework of Ene and Nguyen (2016), which increases the ground-set size to n(2logk + 1)

Note that the rederived complexities are stated with respect to this enlarged ground set, but they do not
explicitly account for the additional computational overhead introduced by the reduction itself

@ Springer



Journal of Combinatorial Optimization (2026) 51:6 Page50f23 6

The Proposed Algorithm Sect. 4 describes the details of the proposed algorithm,
including the steps and underlying theory. The Experimental Evaluation Sect. 5 pres-
ents the experimental results and analysis of the algorithm’s performance. Finally,
the Conclusion Sect. 6 summarizes the key findings and outlines directions for future
research.

2 Related works
In this section, we review the literature on optimization algorithms for DRSC.
2.1 Monotone DR-submodular functions

Soma and Yoshida (2015) were the first to extend the notion of submodular functions
to the integer lattice by introducing the concept of DR-submodularity and proposing
a bicriteria approximation algorithm that simultaneously accounts for both the objec-
tive and cost functions. Subsequently, in a follow-up work (Soma and Yoshida 2018),
the authors developed two deterministic algorithms that achievea 1 — % — € approxi-
mation for maximizing monotone DR-submodular and general lattice submodular
functions, with time complexities of O (2 log klog £) and O (% log klog % log 7),
respectively, where k& denotes the size budget and the maximum coordinate bound,
and 7 denotes both the ratio between the maximum function value and the minimum
positive marginal gain. Lai et al. (2019) introduced a randomized algorithm, though
it suffers from instability in the number of oracle calls. More recently, Schiabel et
al. (2021) proposed the Stochastic Greedy Lattice (SGL) algorithm, which extends
the stochastic greedy sampling strategy to monotone DR-submodular functions over
integer lattices. SGL achieves an approximation guarantee of (1 — 1 —{fe) with
probability greater than %, where £ is a small constant dependent on the number of
iterations.

2.2 Non-monotone DR-submodular functions

Designing algorithms for non-monotone DR-submodular functions is significantly
more challenging than for the monotone case due to the potential decrease in function
values. Gottschalk and Peis (2015) proposed a Double Greedy algorithm for maxi-
mizing submodular functions over bounded integer lattices, achieving a % approxi-
mation ratio, albeit with pseudopolynomial complexity. Ene et al. (2020) developed
a parallel algorithm for non-monotone DR-submodular maximization but restricted
it to the continuous domain. Li et al. (2023) further improved algorithmic efficiency
using an adaptive step size approach.

As mentioned in the introduction, by applying the reduction technique proposed
by Ene and Nguyen (2016), the DrSMC can be transformed into a standard sub-
modular maximization problem under a knapsack constraint (SMK). In the follow-
ing, we review the line of research focused on the SMK problem. The first work
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to address the SMK problem in the non-monotone case was proposed by Lee et al.
(2010), achieving an approximation ratio of 5 + € with polynomial query complexity.
Subsequently, many follow-up studies have aimed to improve algorithmic efficiency
(Buchbinder and Feldman 2019; Gupta et al. 2010; Mirzasoleiman et al. 2016; Li
2018; Sun et al. 2024; Pham et al. 2023; Han et al. 2021). Among these, the method
in Buchbinder and Feldman (2019) achieved the best approximation factor of 2.6,
though at the cost of high oracle complexity. Conversely, the algorithm in Pham et al.
(2023) attained the lowest query complexity-linear in the input size-while achieving
an approximation ratio of 4 + e.

To the best of our knowledge, no existing work has directly addressed the problem
of maximizing non-monotone DR-submodular functions under size constraints. In
this paper, we propose a novel approach to address this problem.

3 Preliminaries

For a positive integer k& € N, [k] denotes the set {1,...,k}. Given a ground set
E ={ey,...,e,}, we denote x(e) as the value of x’s coordinate corresponding to an
element e, define the e-th unit vector 1. with 1.(¢t) = 1ift = eand 1.(t) = 0if¢ # e.
Forx,y € ZE, wesay thatx < yiffx(e) < y(e),Ve € E.Forx = (x1,Z2,...,Zy)
andy = (y1,¥2,- -, Yn), we define

x Ay = (min{z1,y1 }, min{xa, y2}, ..., min{z,, yn}) (3)

x Vy = (max{xi,y1}, max{xa,y2},..., max{x,, yn}). 4)

For function f:Z% — Ry, we define f(x|y)=f(x+y)— f(y). For
x € Z¥, we denote by {x} the set of elements appears in x times and with a subset,
ie, {x} = {e € E,x(e) = 1} and the size of x as [x[|1 = > c(x; x(€). A function
I Z_’f — R is monotone if f(x) < f(y) for all x,y € ZZ with x < y. The func-
tion f'is lattice submodular iff

fE) +fy) 2 fxVy)+ f(xAy) )
forany x,y € Z_’f. The function fis said to be DR-submodular iff

f(x+le)_f(x)Zf(Y+1e)_f(Y) (6)

for all x <y, e € E. If fis DR-submodular then one implies f'is lattice submodular
(Soma and Yoshida 2015). We assume that we can access fthrough an oracle, i.e., for
any vector x € Z¥, it returns the value of f(x).

The following basic lemmas are established as foundational tools for our theoreti-
cal analysis.
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Lemma1 Foranys € Zf and two vectors X,y € ZE such that x Ny = 0 we have
f(s) < f(svx)+ f(sVy). (7

Proof Since f'is a non-negative and lattice submodular function, we have

flsVvx)+ fsVy) > f(sVxVy)+ f((sVx)A(sVy)) ®)
=f(svxVy)+ f(s) ©
> f(s) (10)

where the inequality (8) is due to the lattice submodular, the inequality (9) is due to
x Ay = 0, the inequality (10) is due to the non-negative of /. The proof is competed.
O

Lemma2 For any x € Z¥ and an integer number t > 0, then f(t1.|x) < tf(1¢|x).

Proof By the Dr-submodularity of f, we have

f(tle [ x) = f(x+tl) — f(x)
=flelx+({t—Dle)+ f(le | x+(t—2)1c) +... + f(le | x)
<tf(le|x)

which completes the proof. O

4 The proposed algorithms

In this section, we present two algorithms: Fast Approximation (FastDrSub) and
Fast Approximation Plus (FastDrSub+) for DrSMC problem. FastDrSub retains
an approximation ratio of 0.044 (Theorem 1) and takes the query complexity of
O(nlogk). FastDrSub+ built upon FastDrSub, enhances the optimization process
by employing the constant number guess of optimal solutions with greedy threshold
(Badanidiyuru and Vondrak 2014) and therefore improve the approximation ratio to
nearly % (Theorem 2) without increasing the query complexity of O(n log k).

4.1 Fast approximation algorithm (FastDrSub)
The FastDrSub algorithm takes as input a DR-submodular function f; a finite ground
set E of size n, a size budget k € Z~(, and a threshold parameter a € (0, 1). Its goal

is to output a solution vector z € Z% satisfying ||z||; < k, which approximately
maximizes f(z). The core idea of the algorithm is to simultaneously construct two
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disjoint solution vectors, x and y, using a dynamic-threshold rule, thus facilitating a
clear theoretical analysis based on Lemma 1.

Specifically, it first performs a binary search over d € (ak, k| to identify the pair
(dmax; €max) that maximizes f(dl1.), retaining this singleton choice as an indepen-
dent candidate (Line 1). Next, starting from x = y = 0, the algorithm iterates through
each element e € E. For each element, it identifies the largest integer d < ak whose
marginal gain satisfies f(l. | x+ (d —1)1.) > % (and analogously for y), then
updates only the vector exhibiting the larger marginal gain.

Consequently, the two vectors evolve along distinct trajectories, guided by the
same value-dependent threshold. After processing all elements, the algorithm trims
the most recently added units from each vector, obtaining vectors x’ and y’ with
Ix'|l1 < k and |ly’||1 < k. Finally, the best solution among x’, y’, and dax1e,, ., is
returned. The overall procedure requires only O(n log k) oracle calls and guarantees
a proven constant-factor approximation ratio.

Input: f: Zf — Ry Bk, «
1 (dmaz, €maz) < aArgMaXec g, dez, ak<d<k J(dle) by using the binary search
2 x4+ 0,y« 0
3 foreache € E do
4 dix,ey —max{d € Z|0<d < ak, f(le|x+(d—1)1le) > %} by using the

binary search

5 diyey + max{d €Z|0<d < ak, f(le |y+(d—1)1c) > %} by using the
binary search

6 if f(d(x,e)le ‘ x) > f(d(y,e)le |y) then

7 X (—X+d(x,e)le

8 else

9 Yy V+dyele

10 end

11 end

12 Define {e1, e2, ..., et} as the set of last ¢ elements added into x, i.e, x¢ = Zﬁ:l x(e¢)le,

13 X ¢ argmaxy,. |y, |<k t
’o! n : : _ t /
14 Define {e, €}, ..., e}} as the set of last ¢ elements added into y, i.e,y, = >_;_; y(et)1€;
/
15y <—argmaxy .|y, <kt
16 Z <— arg malee{x/ﬂy/,dmm leman YF(@)
17 returnz

Algorithm 1 FastDrSubAlgorithm

To analyze the theoretical guarantee of the Algorithm FastDrSub, we first provide
following useful notations:

— o is the optimal vector solution.
. i <
— 07 is a sub-vector of o such that 04 (e) = { 8(6)’ gtﬁg‘);vgeak’
, .

— 09 is a sub-vector of o such that 0y(e) = { 8(6)’ gtﬁg&];eak’

— Ex={ec E:x(e) >0,0(e) =0}, Expno = {e € E : x(e) (e) > 0}.

> o0
- E,={ecE:y(e) >0,0(e) =0}, Eypno ={e € E:y(e) > o(e) > 0}.
— E,={e€ E:o(e) >0,0(e) >x(e),0(e) >y(e)}.
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— Fore € Ex UEy, denote t. = 01(e) —z(e),z € {x,y} (Note that x Ay = 0).
— X, be x before e added to x immediately at line 7 for all ¢ € {x}.
— ye be y before e added to y immediately at line 9 for all e € {y}.

We first establish the connection between x, y and o7 as follows:
Lemma3 We have f(o; Vx) + f(o; Vy) < 4(f(x) + f(y)).

Proof The main idea of the proof is to analyze the marginal gains when adding ele-
ments from 0. For e € E,, the contribution can be bounded by a fraction of @,
while for e € Ey o, the gain obtained when adding to x is always upper-bounded by

the gain when adding to y plus a small fraction proportional to f(x).

Consider elements e € Eg, due to the selection rule of d(x@) (lines 4,5) in each
iteration, we have f(1. | x. + x(e)1) @ Therefore

ftele | xe +x(e)1e) < tef(le|xe +x(e)l.) (By Lemma 2) (11)
< tef(xe) < Ol(e)f(xe). (12)
k k

Each element e € Ey ., satisfied the selection rule in Lines 6—-10. We consider two

cases. If d(x ¢) > d(y,e), we have
dx,e)=d(y,e)
f(d(Y7€)1e|X) S f(d(y-,e)16|x) + Z f(1£|X + d(y,e)le + (Z - 1)18) (13)
i=1
= f(d(x7e)1€|x) (14)
< fldiy.e)lely) (15)

where the inequality (13) is due to the selection rule of dx.), ie,
f(le|x+(d-1)1,) > % > 0; the inequality (15) is due to the selection rule of
e and d(y’e).

Ifd(x)e) < d(y7e), letl, = d(y)e) — d(x,e) we have

f(d(y,e)1€|x) = f(d(x,e)1€|x) + f(lele‘x + d(x,e)le) (16)

y(e)f(x) 1

< f(d(y,e)leb’) + 2

Put them together, we have
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florVvx)—f(x) < Y fltelex)+ D fldy.elelx) (18)

EEEol eGEy/\ol

<Y %+ 3 (f<d<y,e>1e\y)+%) (19)

e€Eq, e€FEyno,
< f(x)+ Z (f(d(y,e>1e|ye) + %) (20)
e€Eynoy
< 2f(x) + f(y)- (21)

By the similarity augments, we also have the same result as:
florVvy) = f(y) < f(x) +2f(y). (22)
Combining this with (21) we have

flo1Vx)+ flo1 Vy) <4(f(x) + f(¥)) (23)

which completes the proof. O
We state theoretical guarantees of FastDrSub in Theorem 1.

Theorem 1 For a constant « € (0, 1), Algorithm I provides an approximation ratio
ofﬁ and has a query complexity of O(nlog(k)). The algorithm achieves the

ratio Ofm ~ 0.044 when o = M#

Proof The proof is based on comparing the values of f(x') and f(y’) with f(x)
and f(y), where x" and y’ are feasible solutions obtained after the truncation step.
By exploiting the submodularity property and Lemma 3, we bound f(0;) by a con-
stant factor of f(s), while f(02) is bounded using the selection rule of the element
(dmaxa emax)-

We first prove the approximation ratio. By the selection rule of the algorithm, x’ is
a feasible solution. If ||x||; < k, then x’ = x. If ||x||; > k, we have

f(x) = f(xi_y) = f(X(er)1e [ x3_y) (24)
> x’(et)f((x—x’) VX;,l) (25)
= 2
S X(e)f(x —x') (26)
> ; :
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By the rule of selection x’ and x then & — ak < ||x'||; < k, we get
t t
, x'(er) f(x — %/
£ — e x) = S 0) — o)) 2 3 X o)
i=2 i=2

([l

k

>

fx=—x)>10-a)f(x—x") (28)

which implies that f(x —x’) < % By the submodularity property, we have
f(x) < f(x') + f(x — x') implying that

FO) 2 £~ flox—x) 2 2= (). 29)
By the similar analysis for f(y), we obtain: f(y’) > M . Next, by using Lemma 3,
we have:
f(o1) < f(01Vx)+ f(o1 VYy) (30)
4(f(x) + f(¥)) (31
2 -« , ,
<4222 + 7)) (2)
2—-«
<82 1(s). (33)

On the other hand, from the definition of 05 and the selection rule of (dyaz;s €maz)
at line 1, we have:

flo2)=f| D oae)le | < DY floz(e)le) (34)
e€{oz} e€{oz}

< L tldmaste, ) < 18 (35)
« Q

where the inequality in (34) due to the DR-submodularity of . Put them together, we
get

2

f(0) < flon) + flo2) < (8572 + 1) 7(s). (36)

To obtain the best approximation ratio, we choose the parameter « that minimizes

the expression 82—‘1 + < L This optimization yields o = 2‘[ L , which leads to the
p p y
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final approximation ratio of ~ 0.044. We provide the detail explanations bellows:
Consider the function

2—« 1
_|_

@ =
(a) 81—a «

Compute the derivative:

Setting @' (o)) = 0 gives

8 1 -« 1 2v2 -1
= = =2V2 &= o= = .
(1-a)2 a? el v2 “ 14+2v2 7

The second derivative,

16

Y=

2
+$>0 for all a € (0, 1),

Therefore, evaluating @ at o* yields the exact minimum

2 ot 1
O L 17+ 4V32

1—a* a*

P(a*) =38

Hence the resulting approximation ratio is the reciprocal,

P 1 ~ 0.04414.

P(a*) 17T+ 4V2

We now prove the query complexity of the algorithm. To find (€max, dmax ), for each
element e, we employ a binary search method within the interval [0, [«k]] to deter-
mine d.. This task takes nlog(ak) queries. The algorithm consists of a main loop
where each element e is processed. For each element, we apply the binary search
method to find d(4 ) and d(y ). Consequently, the number of queries for each ele-
ment e is 2log (k). Thus, the total number of queries is

nlog(k) + 2nlog(ak) = O(nlogk).

The proof is completed. O

Although this approximation ratio is relatively small, it comes with the significant
advantage of very low query complexity O(n log k), making the method practically
efficient. Moreover, Algorithm FastDrSub primarily serves as the foundation for
Algorithm FastDrSub+ by providing an approximation ratio guarantee and identify-
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ing an approximate range of the optimum; thus, it is sufficient for Algorithm 1 to
achieve any constant approximation ratio with linear-time complexity.

4.2 Fast approximation plus algorithm (FastDrSub+)

The FastDrSub+ algorithm takes as input a DR-submodular function f(-), a ground
set E, and parameters k € Z,, o € (0,1) and € € (0, 1), and returns a vector s € Z¥
satisfying ||s||1 < k, such that f(s) approximates the optimal value.

The main idea of the algorithm is to utilize the preliminary solution s’, obtained
from Algorithm FastDrSub, to estimate an upper bound of the optimal value as
I" (Line 2), and to initialize a selection threshold 8 = I'/(4k).

The algorithm then constructs three candidate vectors x, y, and z based on a
decreasing-threshold strategy with a multiplicative decay factor of (1 — €). In this
process, x and y are built in an alternating manner to ensure that their supports
remain disjoint, while z is constructed greedily and independently. In each iteration,
for every element e € F, the algorithm determines the largest number of units d
that can be added to each vector such that the marginal gain remains at least 6, and
updates the vectors accordingly. The loop continues until the threshold 6 drops below
eI'/(16k), at which point the algorithm evaluates the objective function f over the
four candidates s’, x, y, and z, and returns the one that yields the highest function
value.

Input: f: Zf — Ry, E k,a,c¢
1: 8" < FastDrSub(f, E, k, &)
2
2 D= f) (32 +1), 0= %

32X 0,y«+ 0z 0

4 while 0 > £L- do

5 foreach e € E do

6 dy < max{d€Z|0<d<k—|x|[1, f(1e | x+ (d — 1)1c) > 0} by using the
binary search

7 dy « max{d€Z|0<d<k—|y|l1, f(1e | y+ (d —1)1c) > 0} by using the
binary search

8: dy + max{d €Z|0<d<k—|z|1, f(1e |2+ (d —1)1c) > 6} by using the
binary search

9: Z<+— 72+ d;1e

10: if f((dx +x(e))1e [ x —x(e)1e) = f((dy +y(e))1e |y —y(e)1c) then

1 X < X +dxle

12 y<y—y(e)le

13: else

14: y < y+dyle

15: X < x —x(e)le

16: end

17: end

18: 0+ (1—¢)b

19: end

20: S < arg MaXee (s x,y,z} f (t)

21: return s

Algorithm 2 Fast Approximation Plus Algorithm (FastDrSub+)
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We analyze and provide the theoretical guarantees of FastDrSub+ in Theorem 2.
We define the following notations for theoretical analysis.

— o is the optimal solution and opt = f (o)

— 0, is the value of 6 at the time element e is added to the vector x or y.

- Ex={ec E:x(e) >0,0(e) =0}, Exro = {e € E: x(e) > o(e) > 0}.
- E,={ecE:y(e) >0,0(e) =0}, Eypno ={e € E:y(e) > o(e) > 0}.
- E,={e€ E:o(e)>0,0(e) >x(e),o(e) >y(e)}

— X, be x before e is added to x immediately for all e € {x}.

— ye be y before e is added to x immediately for all e € {y}.

We analyze and provide the theoretical guarantees of FastDrSub+ in Theorem 2.

Theorem2 Fore > 0 and the constant o € (0, 1), Algorithm 2pr0vides an approxi-
mation ratio of — € and has a query complexity of O(% log( ) log(k)).

Proof The main idea of the proof is to bound the marginal contributions of elements
added to the solution x, y. By the selection rule and threshold updates, each chosen
element contributes at least as much as the threshold in its iteration, ensuring that
the total value is not much smaller than opt. This leads to the (i — €) approximation
guarantee, with query complexity obtained from the use of binary search in the loops.

After the first completion of the while loop, we have two possible cases:

(1) If ||x|]1 = kor ||y||1 = k. Assume ||x||; = k by the selection rule of e € {x} we
have

r opt
> ||x .
£ 2 Il 3 > 2
Therefore, the approximation ratio holds. It is similar to the case ||y|1 = k.
(2) If ||x||1 < k and ||y|l1 < k. Denote 6 as 6 when the last time an element e to the
vector x. Considering the vector x at the end of the while loop, we examine two
subcases:

— If[|x[|1 = k. Assume that 6;) is § when the last element is added into x. We
obtain

Z f 1 |Xe > kﬂ(l (37)

ee{x}

Any e € E, not added to x has a marginal gain per less than the # in the previous

iteration, i.e, f(1.|x.) < ‘” . Since ||x||; = k > ||o||; we have
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Z x(e) + Z x(e) + Z x(e) =k > x(e) + Z o(e) + Z te(38)

e€ By e€FExno ecEy ecEo e€Exno e€Fo

which implies that 3 x(e) > > . t.. Put them together, we have

Z f<t€1€|x) S Z tef(le|xe) (By Lemma 2) (39)
ecE, e€E,
t 9(1 9(1)
<D Dt (40)
ecEy ecEq
0a x(e)f
<N xle =y 52 1)
1 ¢ eckE. eekE 1 €
x(e)f,
<> T 42)
e€eFEx
< 3 37 felxe+ (@ = 1)1 @)
- 1—¢
e€Ex d=1
f 1 |Xe
<y 1 1 —. (44)
ecEy

— If||x|l1 < k. In this case any e € E, not added to x has a marginal gain per
less than the 6 at the last iteration. So we have f(1.|x.) < €2L and thus

eM
Z f(telelx) < Z tem— < eM < eopt. (45)

e€FE, e€FE,

Combining two cases, we have

th1|X<€Opt+Zf 11|X(’. (46)

— €
ecE, e€FEx

Similarity, we have the same property for y

thl\y <eopt+zf 11|yp 47)

— €
ecE, ecEy

For e € Eopy, assume d(y ) 1e is added y at the iteration j, it was not added y at the
previous iteration, we have f(1.|x) < ‘9 -. Thus
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d(y’e)ee < f(d(yie)le‘ye) — f(Y(e)1€|y€) (48)
1—€e — 1—e¢ 1—e¢

Fly(e)lelx) = f(diy.e)lelx) <

Put them together, we analyze the relationship between f(o V x) and f(x) as follows:

flovx)— Z f(tele | x) Z fly(e)le | x) (49)
e€Eq GEEoAy
f 1 |Xe
<eopt+ Y + Y fly(e)le]ye) (50)
ecEyx e€Eony

Similarly, we have the same property for y

f(oVy)—f()<60pt+Z& D Sl %) (51

ecEy e€FEonx

Combining (50) and (51), we have

flo) = f(x) = f(y) < flovx) = f(x) + floVy) — f(y) (52)
Me|xe)

Zf 1_6| + ) fx(e)le | xe) (53)

ecEy e€FEonx
+ Z f 1 |Xe Z f 1e | ye) (54)

ecEy eeEoAy
< f(xiff(”- (55)

Therefore

floy = LOIEIW) 5 12 gy (1 ST )P = (G~ ont. (50

For the query complexity, the while loop has a query complexity of O(£ log(1)). The
nested for loop has a query complexity of O(n log(k)). Therefore, the overall query
complexity of the algorithm is O(2 log(1) log(k)). The proof is completed. O

Oveis Gharan and Vondrak (2011) established that no algorithm can achieve an
approximation ratio better than 0.478 for general DR-submodular maximization,
which sets a natural upper bound on what can be expected. Within this landscape,
the best-known guarantee is 0.401 (Buchbinder and Feldman 2024); however, the
underlying algorithm requires polynomial complexity and is therefore impractical
for large-scale applications. On the other hand, the fastest near-linear time algorithms
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achieve an approximation ratio of % (Pham et al. 2023; Han et al. 2021), but these
methods fundamentally rely on randomness. Our proposed algorithm FastDrSub—+
closes this gap: it attains the same i approximation ratio with comparable near-linear
complexity, while remaining entirely deterministic. To the best of our knowledge,
this makes FastDrSub+ the first deterministic algorithm to simultaneously combine
near-linear running time with the strongest known approximation guarantee in this
problem.

5 Experimental evaluation

In this section, we present our experimental results and demonstrate the superiority
of our algorithm compared to other baseline algorithms.

5.1 Experiment settings
5.1.1 Compared algorithms

As discussed in the related work, no existing research addresses the Non-Monotone
DR-submodular Maximization under the Size Constraint problem. Therefore, we
evaluate our proposed algorithms by comparing them against the state-of-the-art
methods for submodular function maximization under a knapsack constraint, specifi-
cally RLA and SMKRANACC. The comparison is detailed as follows:

— FastDrSub (this work): Approximation ratio of 0.044 with a time complexity of
O(nlog(k)).

— FastDrSub+ (this work): Approximation ratio of i — € with a time complexity of
0 (1og(1)2 log (£)).

— RLA (Pham et al. 2023): Approximation ratio of % — € with a time complexity of
O (% log(k)log 1).

— SMKRANACC (Han et al. 2021): Approximation ratio of i — € with a time com-
plexity of O (2 log(k) log %).

To enable the execution of the RLA and SMKRANACC algorithms in the DR-
submodular setting, we applied the necessary modifications based on the reduction
framework proposed by Ene and Nguyen (2016).

5.1.2 Applications and datasets

Based on the Revenue Maximization application using the Submodular function,
we build the Revenue Maximization application using DR-submodular function as
follows: Consider an undirected social network represented as a graph G = (V, E),
where V is the set of users (nodes) and E is the set of connections (edges) between
them. Each edge (u,v) € F is associated with a non-negative weight w,, € [0, 1]
representing the strength of influence from user u to user v. We assume a limited
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advertising budget that needs to be allocated to maximize product adoption in the
network. For each user u, an investment x(u) represents the level of effort to promote
the product through that user.

The set of users receiving investment is {x} = {u € V' | x(u) > 0}. Our objec-
tive is to maximize the expected revenue, which is the number of users who will
adopt the product based on the influence of users in {x} on the rest of the network.

To quantify the expected revenue, we define the revenue function f(x) as follows:

=D ful Y waux(v))

uweV\{x} ve{x}

where:

—  fu(t) =log(l +¢*) is a concave, non-negative function representing the
likelihood that user u will adopt the product given the cumulative influence
t= ng{x} wypX(v). Here, oy, € (0,1) is a personalized parameter for each

user, modeling the saturation effect of influence from {x} to u.

— Wy, represents the influence strength from node u to node v.

The revenue function f(x) is DR-submodular function. This can be proven by con-
sidering the concavity of f,(t), as f,(t) is a concave function, meaning that the incre-
ment in f,(¢) decreases as ¢ increases. When adding an element to the set of invested
users {x}, the effect on the revenue will be stronger for vectors x with fewer ele-
ments (i.e., users who haven’t received investment). Thus, adding an element results
in a stronger increase in revenue for vectors with fewer elements, demonstrating the
diminishing return on influence, and satisfying the DR-submodular inequality:

fx+1e) = f(x) > fly+ 1) — f(y)

for all x < y. Therefore, the revenue function f(x) is DR-submodular.

We utilize three datasets (Facebook, AstroPh, and Enron) to evaluate the per-
formance of our algorithms. These datasets vary in size: Facebook is the smallest,
containing only 4, 039 vertices, whereas Enron is the largest, comprising 36, 692
vertices. AstroPh, with 18, 772 vertices, falls between the two in terms of size. These
benchmark datasets are obtained from SNAP (see Table 2).

Other settings We executed the FastDrSub algorithm with various values of «v in the
set{0.1,0.3,0.5,0.7,0.9}, denoted in the charts as FastDrSub-0.1, , FastDrSub-0.9.

For the FastDrSub+ algorithm, we fixed the parameters as a = Lﬁﬁ* ~ 0.2612. All
algorithms were executed with the parameter e = 0.1. For the randomized algorithms
RLA and SMKRANACC, we performed 10 runs and reported the average result.
The experiments were conducted on an HPC server cluster with the following speci-
fications: partition = large, number of CPU threads = 16, number of nodes = 2, and
maximum memory = 3073 GB. The running time of each algorithm was measured in
seconds and includes both the oracle queries and the additional computational over-
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head incurred by the respective procedures. In all result figures, the x-axis represent-
ing the budget k is normalized by n, the size of the corresponding dataset.

5.2 Experiment results

The results for the objective function values are presented in Figs. 1a, 2a, and 3a.
Among all methods, FastDrSub+ consistently achieves high objective function val-
ues, comparable to RLA and SMKRANACC, and outperforms the baseline Fast-
DrSub variants with margins ranging from 1.2 to 1.4 times. Across all three datasets,
FastDrSub+ maintains stable and competitive performance, with observed differ-
ences between high-performing algorithms being statistically insignificant. In the
Facebook dataset, RLA shows slightly lower performance than FastDrSub+ and
SMKRANACC at the 0.2 and 0.25 marks. For the FastDrSub algorithm with varying
« values, the objective values are relatively similar in the AstroPh and Enron datasets
due to their large size. In contrast, for the Facebook dataset, & = 0.3 yields the high-
est outcome among FastDrSub settings, while o = 0.9 gives the lowest, although the
variation remains modest.

The results for the number of queries are shown in Figs. 1b, 2b, and 3b. The algo-
rithm FastDrSub+ requires more queries than FastDrSub variants, yet it generates sig-
nificantly fewer queries than RLA and SMKRANACC. This efficiency is particularly
evident in the Facebook and Enron datasets, where FastDrSub+ produces approxi-
mately 1.2 times fewer queries than RLA, indicating its favorable balance between
performance and computational cost. The number of queries for FastDrSub remains
consistent across different a values, with only slight variations across datasets.

Figures 1c, 2¢, and 3¢ present the results for running time. The running time trends
closely mirror the query counts, as expected. The FastDrSub algorithm with various
« values achieves the shortest running times across all datasets, with minimal differ-
ences among « configurations. However, FastDrSub+ demonstrates a strong trade-off
between solution quality and efficiency-it is faster than both RLA and SMKRA-
NACC while delivering comparable objective values. In particular, on the AstroPh
and Enron datasets, FastDrSub+ runs 1.5-2 times faster than RLA and SMKRA-
NACC at k/n = 0.05 and k/n = 0.25, which demonstrates its practical efficiency.

6 Conclusion

This paper addresses the DrSMS problem, which generalizes the classical submod-
ular maximization problem by incorporating diminishing returns over integer lat-
tices. We introduced two efficient approximation algorithms designed to tackle this
problem, with Algorithm FastDrSub providing an approximation ratio of 0.044 and

Table2 Details of datasets used  pataset Nodes Edges Types Sources
in the experiments Facebook 4039 88,234 Undirected ~ SNAP
AstroPh 18,772 198,110 Undirected SNAP
Enron 36,692 183,831 Undirected SNAP
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Fig. 1 Performance of algorithms on Revenue Maximization for the Facebook dataset: a The objective
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Fig. 2 Performance of algorithms on Revenue Maximization for the AstroPh dataset: a The objective
values, b the number of queries and ¢ their running time
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Fig. 3 Performance of algorithms on Revenue Maximization for the Enron dataset: a The objective
values, b the number of queries and ¢ their running time

Algorithm FastDrSub+ achieving an even better ratio of % — €. Our theoretical analy-
sis provides strong guarantees on both algorithms’ approximation quality and query
complexity, demonstrating their effectiveness in various scenarios.

Furthermore, through extensive experimental evaluation, we showed that our
algorithms outperform existing state-of-the-art methods, particularly in the context
of Revenue Maximization applications, which leverage DR-submodular functions.
The results highlight the practical value and efficiency of the proposed algorithms,
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making them suitable for large-scale problems where computational resources are
limited.

Future work could further improve these algorithms’ scalability, explore addi-
tional problem formulations, and apply them to real-world applications with more
complex constraints and objectives.
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